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ABSTRACT 
A complete analysis for reinforced concrete slabs and 
shells~ which analyses a structure for successive loads 9 is 
fo:rmulatede 
i 
For each load a simulated structure is fo:rmed from 
anisotropic (or isotropic) finite elements whose stiffnesses 
are degraded if they ate not compatible with the current 
stress systemo The material constants for the anisotropic 
finite elements are determined by an analogy with the degrad= 
ation of the load-moment-curvature relationships of an 
equivalent beam cross=section. 
The method of analysis gives results which compare 
favourably with existing results of two rectangular slabs~ 
an L=shaped slab., and a cyl:j_ndrical shell roof modeL The 
comparisons include crack patterns, load=displacement curves 9 
and displacement profileso The theoretical crack patterns 
include the direction and area of cracking. They are 
similar to the experimental crack patterns~ and they follow 
the directions indicated by the yield=line theory~ though the 
theoretical yield regions have substantial width. The theory 
predicts stiffer behaviour for some points on the structures 
and more flexible behaviour for the other points. 
ii 
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INTRODUCTION AND SCOPE OF RESEARCH 
Present day analyses of reinforced concrete slabs and 
shells rely predominantly upon elastic analyses and, to a 
1 2 3 4 
more limited extentf upon yield-line or limit analyses 1 ' r 
An elastic analysis is advantageous becuase it is relatively 
simple and also, both stresses and displacements can be 
obtained from. it. A yield-line analysis. provides both an 
ultimate load and a collapse mechanism for the structure. 
However, it has the severe disadvantage that it does not 
give any indication of the displacements near the ultimate 
loado 
The present emphasis on ultimate strength analyses 
indicates the interest for a greater knowledge of a structure 0 s 
behaviour after cracking has commenced" However, our 'know-
ledge of the behaviour of a structure is almost unknown from 
the load at which cracking commences until the ultimate load 
is re.achedo Additional information that would be useful 
includes, 
a) load-displacement relationships for points on the 
structure, 
b) crack patterns at different loads, 
c) regions of high stress intensity - including their 
magnitude and effective area, and 
d) the variatlon in the structural behaviour at 
different loads - especially near the working load. 
2 
Hence, there is a need for a complete analysis 
(implying an n.nalysis giving structural information for any 
load from zero to ultimate rather than an analytical utopia) 
for reinforced concrete slabs and shells C Some work has 
already been done in this field: for reinforced concrete 
Bhaumik and Hanley5 , Riera and Billington6 , and McNiece and 
7 Kemp have made contributions" The present report 
endeavours to add to these contributions by presenting a 
method for a complete analysis for reinforced concrete slabs 
and shells which can take into account most of the actual 
changes that a reinforced concrete section undergoes as it 
cracks and as the reinforcement yields" 
Objectives of this Research: The objectives of this research 
are, 
) t t d 1 . f' 't 1 1 ' s, 9 a o ex en an e astic ini e e ement ana ysis so 
that non-linear and inelastic effects for both plate bending 
and sh~ll problems can be incl~ded, 
b) to compare two different methods of incorporating 
inelastic or non-linear effects, namely, 
i) . the uset of finite elements which are either 
totally uncracked. or totally cracked, and 
ii) the development of a finite element which can 
be partially uncracked, and 
c) to compare these methods of analysis with existing 
experimental results" 
Scope of the Thesis: This thesis has been divided into 
three parts v1hich describe, 
a) the finite element method of analysis, 
b) a complete analysis for reinforced concrete slabs 
and shells, and 
c) a comparison between this method of analysis and 
some existing experimental resultso 
The first part of the thesis describes the history of 
the finite element method of analysis from its origins by 
. k fflO . ll d l h t. d Hrenni o , Argyris , an Turner, C oug, Mar in an 
3 
12 Topp to its present day statuso Finite elements formed by 
the displacement model are described in detail because these 
elements have been used in the analyses described in this 
thesiso The basic steps of the finite element method of 
analysis are also described and then a chapter is devoted to 
the errors tha::.are associated with the method and where 
possible, examples of these errors are given. 
The second part of this thesis commences with a review 
of some of the previous work that has been done in the field 
of inelastic analysis which is of interest to this work" 
This is followed by a description of a. complete analysis for 
reinforced concrete slabs and shells, both in a summarised 
form and also in detailo Two methods of forming partially 
cracked elements for both plate bending and plane stress 
finite elements are described together with two examples 
comparing their behaviour with elements that are either totally 
cracked or totally uncracked. 
Some structures that had been tested experimentally 
were analysed and their results have been compared in the 
third part of this thesis. Four structures were analysed, 
a _rectangular and an L~shaped slab which were tested by 
13 Islam , another rectangular slab which was tested by 
4 
14 
Sharpe , and a cylindrical shell roof model which was tested 
15 
by Hedgren • At the end of each analysis the principal 
results and conclusions are stated. Also, at the end of the 
report general conclusions are stated together with 
suggestions for further research within this field. 
5 
PART It THE FINITE ELEMENT METHOD 
C H A P T E R l 
THE DEVELOPMENT OF THE FINITE ELEMENT METHOD 
L 1 Review of Previous Work 
The finite element method of analysing complex struc-
tures originated from the.works of HrennikofflO, Argyris 11 
and Turner, Clough, Martin and Topp12 0 Basically, the 
finite element method idealizes a structure as an assemblage 
of interconnected discrete elements, whose properties are 
known, thus forming a structural model which can be analysed 
using basic matrix algebrao 
Hrennikoff (1941), by idealizing a two dimensional 
structure as a framework of bar elementsr employed this 
method to analyse plane stress and plate bending problemso 
However, because of the laborious amount of hand computation 
involvedu the framework method did not receive much atten-
tion until the early 1950 1 s ~hen this onerous task was 
eliminated with the introduction of digital computerso 
The foundations of the finite element method were estab-
lished in 1954 when Argyris described two methods of analys-
ing complex structures depending on whether the displacements 
or the forces are the unknowns (the displacement method and 
the force method respectively), also, he concisely summarised 
the energy methods which are the basis of all element stiff-
ness derivationso 
Turner, Clough, Mertin and Topp further developed the 
displacement method (which they called the "direct stiff~ 
ness" method) by arranging the analysis in a matrix form 
6 
suitable for automatic computationo They derived the in-
plane stiffness of plate elements and extended the earlier 
39 work of Levy who had proposed analysing aircraft structures 
as an assemblage of beam and torque box elementso 
Improved elements have since been developed for the 
16 17 18 19 
analysis of plane stress problems, , ' ' 0 For 
example, in the displacement model of finite element analysis, 
initial elements had a constant strain field throughout each 
element whereas subsequent elements possessed a linearly 
varying or a quadratically varying strain field thus enab= 
ling a more accurate representation of the true strain field 
to be obtainedo 
The early triangular plate bending elements did not 
give reliable or consistent results20 (refer Section 3o2) 
and this resulted in a new and more concentrated study of 
the assumptions and conditions underlying the finite element 
method, and in particular, the displacement model of finite 
element analysis. Fraeijs de Veubeke21 , Felippa19 , Tong and 
Pian22 , 23 , and Oliveira24 were among those who studied the 
bases of the finite element method and enumerated the con= 
ditions that finite elements must fulfil if monotonic con= 
vergence to the correct solution is require. Due to this 
increased understanding plate bending elements of greater 
7 
sophistication and accuracy have been developed which 
25 eliminate the difficulties that were formerly encountered ' 
26,27,28,29,30 
Shells of revelution (i.e. axisymmetric shells) have 
been analysed 
recently with 
· , l l t 31,32,33 d using conica e emen s , an more 
34 a doubly curved element . For non-axisymmetric 
shells planar triangular elements have normally been used 
although recently some curved elements have also been 
d . d35;36,37 erive o The derivation of non-planar elements, 
however, becomes increasingly complex due to the difficulty 
of including all the rigid body movements, of maintaining 
interelements compatibility, and of keeping the number of 
degrees of freedom of the element within reasonable limits. 
The present trend in element derivations is towards 
the development of improved elements that will depict the 
structural topology as closely as possible and also maintain 
interelement compatibility. At the- same time the use of the 
finite element method is expanding and includes the elastic 
and dynamic analyses of many structures including buildings 
and building components (eog. slabs, roofs, beams etc.), 
arch and gravity darns, embankments and openings in rock 
structures, and flow nets. 
1.2 Classification of Finite Elements 
Following Fraeijs de Veubeke's method21 we classify 
finite elements depending on whether they: 
n 
0 
1) satisfy compatibility but not ec1uilibriun (1.'.ispl ,,cc)-
ment model), 
2) sotisfy C'(Juilibrium Jrnt not coP1pati:1ility (c,quili-
bri urn model) , and 
3) violate both compatibility and cquili'>riun. 
Tn this classification the derivation:; of LLni tc ele;1ent'., 
belonging to group 1) or to group 2) are terr1ec:l "pure" 
derivations because bounds on the unknown displacements or 
forces can be postulated. No bounds however can be 
postulated for those derivations belonging to group 3), the 
"impure" derivations. 
Displacem.9nt (or Compatibility) Model: The displacement 
model is based upon assumed displacement fields over each 
element which provide a continuous displacement field over 
the complete structure. This method utilizes the principle 
of mi nimumtotal po Len ti al energy which seeks to minimize 
the total potential energy of a structure that has been 
deformed from its equilibrium position by small compatible 
d . 1 t (' 'b'l' . . t. d)ll,38 isp acemen s i.e. compati i ity is main aine . For 
example, consider a body which is deformed by a compatible 
displacement sys tern { a r} which induces a s traili system { a E } 
(Fig. 1.1 illustrates this for a one dimensional case), 
then 
V = U - P (1. 1) 
where Vis the total potential energy, U is the strain 
energy of deformation, and Pis the potential energy of the 
R CT 
6R 6a 
f>r r oE c 
Fig. 1.1. Force -0 isplacement and Stress-Strain Relationships 
w 
10 
applied forces. Minimiiing the total energy we obtain 
av = au - oP 
(L 2) 
Equilibrium Model: The equilibrium model is based upon 
assumed stress fields within each element which maintain 
equilibrium over the complete structure" This method 
utilizes the principle of minimum complementary energy which 
seeks to minimize the total complementary potential energy 
of a structure thct.has been stressed from its compatible 
position by small self-equilibrating stresses (ioe. 
'l'b. . . t. d)ll,38 equi i rium is main aine · a For example, consider a 
body which is stressed by a self-equilibrating force system 
{oR} which induc~s a stress system {ocr} (Figo lol), then 
V* = U* - P* (L 3) 
where V* is the total complementary potential energy, U* is 
the complementary strain energy of deformation, and P* is 
the complementary potential energy of the applied forces. 
Minimi~ing the total complementary energy we obtain 
av* = au* - oP* 
(1. 4) 
Other Methods: Three examples of element derivations, which 
do not follow the "pure" derivation of the two preceding 
11 
methods, are given below: 
a) In the displacement model some plate bending element 
derivations deviate from the "pure" derivations becuase they 
do not maintain compatibility between elements and hence the 
displacement field over the complete structure will not be 
t . 16 con inuous • 
b) Another method was developed by Pian17 who formed a 
plane stress element from assumed stress fields, thus main-
taining equilibrium, and at the same time interelement com-
patibility was ensured by constraining the appropriate 
boundary displacement variation. This method has also been 
25 40 
used by Severn and Taylor and Krahwla and Pahems for 
plate bending elementso 
c) Herrman41 introduced a "mixed" method in which the 
unknowns include both displacements and stresses. 
The finite element derivations used in this thesis are 
based upon the displacement model, which at the present is 
the commonest and best understood modelo For this reason 
only the displacement model will be studied from hereon. 
To determine the minimum of the total potential energy 
the displacement model employs the Rayleigh-Ritz method" A 
short description of this method is given below because, 
through it, we can obtain a greater understanding of both 
the basis of the displacement model, and also the inherent 
errors in the displacement model" 
1.3 The Rayleigh-Ritz Method 
The Rayleigh-Ritz method is a technique for generating 
a minimizing sequence with which we can find the minimum m 
of n variational expression. In general the minimizing 
sequence will also provide a good approximation to the 
function that actually solves the problem. 
If we take a variational express ion I ( ¢) ( for example, 
the 
I ( ¢) 
strain energy of deformation for a beam is 
L d 2 ¢ = ½ f EI(--)dx) we can construct a minimizing sequence, 
0 dx2 
<l>r = (1. 5) 
where the terms w1 , w2 ,··•,wr are called the coordinate 
functions and are known, but where the coefficients c. are 
l 
unknowno (For example, the first three terms of a 





Each successive term of the minimizing sequence is sub-
stituted into the variational expression I(¢) which then 
becomes a function of the unknown scalars c., i.e. 
l 
I ( <j> ) 
r = 




= 0 i = 1, 2, • • • r. 
13 
( 1. 6 )· 
( 1. 7) 
Expression (1.7) leads to a system of r linear equations for 
the parameters c. which can then be solved: thus, the 
J. 
minimizing sequence <j>r' r = 1,2, n can be determined. 
To ensure that the minimums, determined from each 
successive term of the minimizing sequence, conv€rge mono-
tonically to the true minimum m the coordinate functions must 
comply with the following two conditions42 : 
1) for any n, the coordinate functions w1 , w2 , ••• , wn 
must be linearly independent, and 
2) the coordinate functions should form a "complete" 
system of functionso This means that any function~, and its 
relevant derivatives, may be approximated to any degree of 
accuracy by a linear combination of coordinate functions and 
of their corresponding derivativeso 
If these conditions are met then each successive term 
of the minimizing sequence will improve the acc'r~cy of the 
solution. Thus, 
(1. 8) 
and I(<j>r) will be an upper bound tom. 
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The Rayleigh-Ritz method has two disadvantages; firstly 
it is often very difficult to select suitable coordinate 
functions - a serious matter as both the degree of approx-
imation and the amount of calculations involved in obtaining 
the answer depend upon the choice of these functions. 
Secondly, the method does not contain a principle for estim-
ating the accuracy of a solution (this cannot be judged by 
studying successive terms of the minimizing sequence because 
their convergence is dependent upon the coordinate functions) .• 
1.4 The Displacement Model 
The derivation of a plate bending element stiffness 
matrix, formed by the displacement model, is given below. 
(The ,formation of the plane stress element follows the same 
approach but the moment-curvature relationship is replaced 
by the stress-strain relationship.) 
Firstly, the displacement at any point is related to 
the nodal displacements, 
w = ( 1. 9) 
where w is the displacement at any point, {f} is called the 
interpolation (or shape) vector, and {r} is. the nodal dis-
placement vector. 




= ,and, (1. 10) 
= 
we can determine the curvatures at the nodal points by 
appropriately differentiating equation (l.9) and finding the 
values at the noda:l points. Hence,, we obtain 
{ x}· = [B.){r} ( 1.11) 
wh~re 
r {x} = X2 X3 
and, for node 1, 
Xxx 
{xl} = xYY 
Xxy .1 
similarly for nodes 2 and 3 a. , 
We know the variation of the curvatures over the 
element and there.fore we can, relate the curvatures at any 
point to the nodal curvatures by means of·another inter-
polation vector { tjJ}, Leo 
{x} '(1.12) 
whe're the tilde on the curvature vector denotes the value , 
at.any point$ 
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The moments at any point are related to the- curvatures 
at the same point by the constitutive law, 
{M} = [C]{x} (1.13) 
and for an isotropic mater~al, 




M = 2· 
\) 1 Xyy ~ YY 12 (l':"'\! ) .• 
Mxy . Xxy. 
(1. 14) 
The strain energy in b~ndirtg is 
(l. 15) 
and incorporating, Eq. (1.11) we obtain 
T , 
½{r} ~k] {r} (1. 16). · 
where 1 
I 
[ k ] = [ B ] T ( A fliµ H c ]{ ,1i} T dA) [ B ] 
,_ 
is .called the elem~nt stiffness matrix~ 
The potenti~i energy of,the.nodal forces is 
I 
(L 17) 
where {R} is. the force vector comprising both body and. 
surface forces "lumped" at the nodal points, and {r} is the_ 
nodal..displacement vector. 
The total potent.ia;I. • energy· .v is thus: 
17 
V = U - P 
= (L 18) 
and the principle of minimum total potential energy sets the 
first variation of the total energy to zero, and thus we 
obtain the basic force-displacement equation, 
{R} = [k){r}. (l. 19) 
We see that the displacement method utilizes a Rayleigh-
Ritz analysis within each elemento Recapitulating the basic 
steps.of the Rayleigh-Ritiz method, and including the dis-
placement method counterparts in brackets, se see that the 
variational expression (total potential energy) is minimized 
by a minimizing sequence .(the displacement shape) formed by 
a linear combination of coordinate functions (interpolation 
vector coefficients) and unknown scalars (the noda:l displace-
ments) o When the varip-tional expression (total potential 
energy) is minimized the unknown scalars (nodal displace-
ments) can be determined,.if the boundary conditions of the 
problem are knowno 
The conditions that the Rayleigh-Ritz method impose 
upon the. coordinate functions ~lso apply to the coefficients 
of .the· interpolation vectoro From a physical viewpoint we.· 
I 
can post\l,late two further cond.i tions2 8 , 
1) the displacement function must allow 'the presence of 
the rigid body modes, and 
2) the displacement function must be able .to express 
constant strain conditions {for a plate bending element 
this implies constant curvature) o 
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These conditions are necessary because a normal displacement 
distribution will include some rigid body modes, and also, 
when a.n element becomes smaller 1 its strain distribution 
becomes const.anto A comparison with the conditions imposed 
upon the coordinate functions in the Rayleigh-Ritz method 
(Section L 3) shows that thes.e two physical conditions are 
analogous to the condition that the coordinate functions 
would form a "complete" system, Le. they should be capable 
of approximating any function including those that produce 
rigid body modes or constant strain conditionso 
If the Rayleigh-Rit~ conditions are fulfilled then the 
best stiffness matrix, for a given load system, will be- the 
. . h t t t . 21 one giving t e grea es s rain energy (This is most 
easily proved for the case where the forces acting on a body 
increase from 'zero to their final valueo Clapeyron's Theorem 
for a linear stress-strain relationship states that the 
strain energy of. deformation of such a body is equal to half 
the potential energy of the applied loadso Hence the total 
potential energy V = - U and when the total potential energy 
is .a minimum the strain energy will be a maximumo) Hence, 
for a given load system the strain energy of an element will 
be a lower bound and the element stiffness matrix derived 
by the displacement model will be stiffer than the true 
stiffness matrixo 
lo5 Kinematically Equivalent Nodal Forces 
In representing a complex structure as a series of 
elements connected only at their nodes we assume that the 
structural loading, including both surface and body 
19 
forces, can be represented by equivalent generalised forces 
acting at the nodal points. There are two methods of 
determining these generalised forces, 
1) according to static equivalence, and 
2) according to the virtual work theorem. 
The first method of taking static equivalence, generally 
based upon the area surrounding a node, will be exact in the 
43 
limiting case when the element size is very smallo Melosh , 
however, found that this method was not very satisfactory 
because the solution does not improve monotonically as the 
network is refinedo 
The second method is more accurate because it is con-
sistent with minimizing the total potential·energy of a 
structure. Consider a set of virtual displacements such 
that, 
(r] = = ( I ] • (1.20) 
Substituting into Eq. (lo9) we have 
wvirtual = = (1.21) 
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If the structural loading, including body, surface, 
and edge forces, is q(s 1 ,s 2 ,s 3 ) then the work done by this 
structural loading in moving through the virtaul displace-
ment w. t 1 is vir ua 
(1.22) 
The work done by the nodal forces {Q} is 
= = 
We desire these two separate systems to yield equivalent 
work and therefore, equating Eqs (lo22) and (1.23), we 
obtain the nodal loads as 
' 
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C H A P T E R 2 
THE FINITE ELEMENT ANALYSIS OF STRUCTURES 
Having looked at the development of the finite element 
method, and in particular, the displacement model of 
deriving stiffness matrices, we will now examine the overall 
analysis of a complex structure using the displacement 
44 
methodo As this has been well documented elsewhere only 
a brief summary will be giveno Basically the analysis is 
very simple and logical: however, various difficulties are 
encountered and these will be described within this chapter 
and in Chapter 3o 
Referring to Eqo (2ol), we wish to form the nodal force 
vector {Q} and the complete stiffness matrix [K] and then 
solve for the unknown nodal displacements {q}. 
{Q} = [K] {q} 
The analysis consists of four steps: 
(a) the structure is idealized as an assemblage of 
elements, 
(b) the complete stiffness matrix for the structure is 
formed from the element stiffness matrices, 
(c) for a given loading system the resultant displace-
ments are calculated, and 
(d) the nodal stresses are determined from the nodal 
displacements a 
22 
2.1 Structural Idealization 
The finite element method is a simulation technique in 
which a structural model is developed and analysed, normally 
within a computer. The method, however, simulates an 
idealized structure and we assume that the results are 
closely related to the original structure. 
All civil engineering structures are idealized to some 
extent; e.g. a partially restrained joint may be assumed to 
act as a "pin"; ignoring the effect of axial shortening in 
columns assumes an infinit.e compressive modulus within the 
column; etc.o These basic idealizations are also incorpor-
ated in the finite element method" Hrennikoff, as men-
tioned in Section 1.1, idealized two dimensional structures 
as an assemblage of bars, i.e. he idealized the elements to 
form more elementary components which were, before computers 
became available, easier to analyse than the original 
elernentso However, this additional idealization is not 
used very often because it is normally not necessary and 
only incurrs additional problems of obtaining compatible 
behaviour between the element and its idealized counterpart. 
Another structural idealization is introduced when 
analysing shells. Because no element can conform to all 
the possible shapes of a shell surface, a geometrical 
idealization is introduced whereby the shell surface is re-
placed by an assemblage of elements which are normally 
planar although some curved elements are now being used. 
2.2 Formation of the Complete Stiffness Matrix and the 
Solution of the Resulting Matrix Equation 
23 
The structural idealization forms an element mesh over 
the structure thus defining the shape of each elemento The 
next step is to determine the element stiffness matrices; 
normally by using one of the methods described in Section 
1.20 The derivations of the element stiffness matrices 
used within this thesis were developed and tested by Felippa 
8119 and Carr9 and a summary of there derivations can be 
found in Appendix Ao 
In the analysis of shells eah element stiffness matrix 
is derived in a local coordinate system (eogo axes x-y-z in 
Figo 2.1) and must be transformed to a common, global 
coordinate system (eogo axes x 0-y0-z 0 in Fig" 2ol) before it 
is added into the complete stiffness matrix. The behaviour 
of the element can be described using either the local or 
the global coordinate system; 
= 
or { R } = [ k ] { r } 
g g g 
where the subscripts 11 £ 11 and "g" denote the local and the 
global coordinate systems respectivelyo If the transformat-
ion matrix of direction cosines relating the local coordinate 






Fig. 2. 1. Local and Global Coordinate Systems 
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then the element stiffness matrix in the global coordinate 
system is 
( 2 0 4) 
Each element stiffness matrix is added into the 
appropriate position of the complete stiffness matrix, e.g. 
for triangle i-j-s in Figo 2ol we have 
R. k .. k .. k. 
ril l ll lJ lS 
R. = k .. k., k. r.J ( 2 • 5) J Jl JJ JS 
.r: R k si k sj k s ss 
where each k is a nodal submatrix of stiffness coefficients. 
pq 
The appropriate positions in the complete stiffness 


















( 2 0 6) 
Having formed the complete stiffness matrix the support 
conditions are represented by deleting the appropriate 
rows and columns in the complete stiffness matrix and this 
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prevents the simulated structure from deforming as a rigid 
body. The unknown nodal displacements can then be solved 
directly by rearranging Eq. (2o2) so that 
( 2. 7) 
In general, however, the stiffness matrix is not inverted 
as it is heavily banded and sparsely filled so either an 
iterative solution is employed or the stiffness matrix is 
reduced, allowing the displacements to be found by a back 
substitution process (e.g. Gauss or Jordan Method). The 
method of solution used within this thesis is a slight 
45 modification of Cholesky 8 s method , i.e. 
{Q} = [LT] [D] [L] {q} · ( 2. 8) 
where [ L] is an upper triangular matrix with the diagonal 
i 
terms unity, and [D] is a diagonal matrix. The unknown 
displacements {q} can be determined after a forward substit-
ution on Eqo (2.9), to find the intermediate vector {y}, 
followed by a back substitution on Eqo (2.10) v 
{Q} = [LT][D]{y} 
{y} = [L]{qL 
2o3 Interpretation of the Results 
In the Rayleigh-Ritz method the convergence of the 
derivatives of the minimizing sequence is never as rapid as 
the convergence of the minimizing sequence. Hence the 
stresses (moments for the plate bending elements) will not 
27 
l, 
be as accurate as the displacements. ThiSisto be expected 
for, taking a plate bending element with a cubic transverse 
displacement variation, the moment variation over the 
element is only linear and therefore the moments will•not 
be capable of representing the true moment variation very 
accurately. Furthermore, the values of the stress resultants 
will vary depending upon which method is used to determine 
them. 
Nodal stresses are determined for each element from the 
nodal displacements and element stress matrices are 
normally derived during the formation of the element stiff-
ness matrices, eogo the nodal moments {M} are related to the 
nodal curvatures {x}, 
{M} = [D]{x} 
where [D] is a (21x21) diagonal matrix comprising the 
constitutive matrix [c] (refer Eq. (1. 13)), i.eo 
[ D] diag.[C CCC CC C]o 
Incorporating Eq. (1.13) 
{x} = [B]{r}, 
we can fo,rm a stress matrix [ S] , such that 
{M} = [S]{r} 
where (SJ = [D][B]o 
(2.11) 
( 2 .12) 
Because the element stresses are related to all the 
element displacements the nodal stresses will in general 
vary depending on which element is u'sed to obtain the result. 
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To circumvent this problem an averaging process is normally 
used to give an average value at each node, consequently 
this method is most accurate for interior nodes because on 
the boundaries of the structure the averaging process is 
taken over fewer elements. 
Other methods of determining stresses are given by 
46 
Navaratna " However, the aforementioned method is the 
commonest. 
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C H A P T E R 3 
ERRORS ASSOCIATED WITH THE FINITE ELEMENT METHOD 
3.1 Structural Idealization Errors 
It is very difficult to determine the error of ideal-
izing a shell structure as an assemblage of planar or 
curved elements o One method is to repeat the analysis using 
a more geometrically correct element, but, as most analyses 
employ the best available finite element and as there are 
very few tested curved elements, this method is not very 
practical. The other possibility is to reduce the angular 
discontinuities by repeating the analysis using a smaller 
mesho From the convergence of the solution an idea of the 
effect of the idealization errors can be obtained. However, 
this method also has practical difficulties when the size 
of the computer prohibits further subdivision of the mesh. 
The accuracy of the solution is also dependent upon 
the shape of the elements which are determined by the mesh 
that is usedo Tapered elements do not depict structural 
deformations very accurately and the best triangular finite 
elements are formed from equilateral triangles. The error 
that is incurred when using tapered elements occurs in the 
formation of the element stiffness matrix but, because of 
its geometric dependence, it is a structural idealization 
error and not an error in the formation of the element 
30 
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Fig. 3.1. Fixed Beam to Test the Mesh Shape 
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stiffness matrix. As an example of this error consider the 
fixed b~am shown in Figo 3. 1. The variation of the moment 
at nodel2, which occurred'~when -the aspect ratio of elements 
1, 2, 3 and 4 was varied, is shown in Table 3. 1. 
A~p ect Ratio 
M2 % Error . 2 X . 
-
1 : 1 - 11 • 36 0 
1 . 2 - 11 • 80 309 . 
1 . 4 ~12.23 7.7 . 
1 . 8 -12.73 12. 1 . 
1 : 1 6 -13029 17.0 
~-
Table 3. 1 Variation of Moment with Aspect Ratio 
Another type of idealization error will occur when large 
geometrical or stress discontinuities are encountered (e.g. 
when an extremely stiff element is attached to a very 
flexibl~ element) thus causing the complete stiffness 
matrix to become ill-cqnditioned. In the previous example 
the stiffnessand stress matrices for the tapered elements 
were incorrectly proportioned whereas, in this example, 
the element stiffness and stress matrices are correct and 
the simulated structure could, theoretically, be solved. 
However, due to the limitation of a computer's precisiont 
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rounding or truncation errors occur which can seriously 
affect the accuracy of the solutiono Although this form of 
error occurs because of computer limitations it is depen-
dent upon the mesh idealization which, to some extent, 
determines the magnitude of the stiffness coefficients. As 
an example of this error consider the simply supported beam 
shown in Fig. 3a2o All ·the elements have a modulus of 
elasticity of 5 x 10 6 except for elements 23 and 24 whose 
modulus of elasticity varies from 5 x 10 6 to 5 x 10- 3 . As 
the ratio of the two moduli vary errors will build up, 
firstly in the determination of the nodal moments and then 
in the nodal displacements (refer Figo 3a3). 
3o2 Errors in the Formation of Finite Elements 
Apart from the idealization errors that were discussed 
above, errors can occur in the formation of the element 
stiffness matriceso These errors are normally due to 
violation of the principles-of the Rayleigh-Ritz method and 
can occur in two ways; firstly by violating the conditions 
imposed upon the coordinate functions, and secondly, by 
violating the element boundary conditionso 
An example of the conditions imposed upon .the 
coordinate functions being violated occurred with the:early 
derivations of triangular plate bending elements which had 
a cubic displacement function over each element. The 
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Fig. 3.3. Errors Caused by Geometrical 

























2 2 3 2 
w = a 1 + a 2x + a 3y + a 4x + a 5xy + a 6y + a 7x + a 8x y 
2 3 + a 9xy + a 10 y ( 3. 1) 
but the simplest triangular element has only nine degrees 
of freedom, therefore, to make w a function of nine. coeff-
icients either one term of the displacement function was 
omitted, or two terms were combined with the same scalar2~ 
This restriction means that the displacement function is 
not a "complete" system, thus violating the second condition 
applying to the coordinate functions (Section 1.3), and this 
results in the structure becoming stiffer" 
The boundary conditions for any finite element are 
imposed by adjoining elements, Le. displacement boundary 
conditions, and, at the boundaries of the complete structure, 
by the structural boundary conditions. Errors will occur if 
an element does not conform to its boundary conditions 
because interelement compatibility will be lost (this is 
equivalent to imposing incorrect boundary conditions on each 
Rayleigh-Ritz solution). To restore compatibility we must 
apply self-equilibrating forces acting between the nodal 
points. Thus the potential energy of the nodal forces will 
be unchanged but the strain energy of each finite element 
will be increased and therefore the structure will become 
more flexible. 
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We can now summarise the possible bounds for the dis-
placement method; we saw in Section 1.4 that the displace-
ment method yields an element that is stiffer than it should 
be and therefore, for a given load, the displacements will 
be a lower bound. If the displacement function is not a 
"complete" system then the element will become even stiffer 
and the displacements will remain a lower bound. If the 
element boundary conditions are violated. however, the 
element will become more flexible and no bounds can be post-
ulated for the displacementso 
3.3 Computer Limitations 
The type of computer can affect a solution in three 
ways; 
a) by restricting the possible mesh size of the idealized 
structure, 
b) by the time of computation - an important factor to 
any person having to pay for their computer time, and 
c) by the precision of its arithmetic unit. 
The problem of analysing very large structures can some-
times be overcome by dividing the structure into sub-
49 structures o Each substructure is analysed independently 
assuming that all the common boundaries with the adjacent 
substructures are fixed. The forces at these common boun-
daries are determined and then these boundaries are released 
simultaneously and new boundary displacements are determined. 
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This procedure is repeated until a stable situation arises. 
The time of solution becomes an important factor with 
small core computers because the computer employs most of 
its time transferring data to and from the core (this can 
easily double or treble the time of a job). 
Because a computer operates with a fixed word length, 
serious errors can occur due to a loss of precision as 
illustrated by the example in Section 3.lo A further 
example of this problem of ill-conditioning occurred for the 
fixed beam shown in Fig. 3. L Table .3. 2 gives the moment 
at node 2 for varying values of the modulus of elasticity 
and.with different word length precisions within the 
program. (Single precision corresponds to 7o2 decimal 
figures and double precision to 16 decimal figures.) 
E Single Precision Partial Double Precision.· Double Precision 
1 -1Ll4 -11082 -1L36048 
10 - 8.91 -lL 71 -11.36048 
s.10 6 -19.04 -12 0 32 -lL 36048 
Table 3.2 Variation of Moment with Different Precisions 
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PART II: A COMPLETE ANALYSIS OF TWO-DIMENSIONAL STRUCTURES 
C H A P T E R 4 
A COMPLETE ANALYSIS 
4ol Review of Previous Work 
The incorporation of plasticity has evolved along two 
paths; the classical approach of limit analysis which Was 
developed for metals, and the fracture approach of yield-line 
analysis which is used predominantly for reinforced concrete. 
The classical approach originated about 1864 when 
· 50 
Tresca stated that yiel,ding of a metal would occur when the 
maximum shearing stress attained a critical valueo A further 
yield criterion was postulated mathematically by von Mises51 
52 
in 1913 and shown by Hencky to imply that yielding will 
occur when the elastic strain energy of distortion reaches a 
critical value. Incremental stress-strain relationships can 
be determined from the yield criterion and a flow law which 
relates the plastic strain increment at a point to th~ stress 
at that point" The flow law is normally dependent upon- the 
yield criterion that is used. Many structures have.been 
53 analysed using these theories and Hodge gives a summary of 
their progress. 
The fracture approach or yield-line theory has been. 
developed specifically for reinforced concreteo 
3 Johansen 
in 1948 extended the earlier work of Bach1 and Ingerslev2 and 
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formulated the yield-line method of analysis which is still 
being used. The analysis is a limit design method, i.e.• 
elastic/perfectly-plastic behaviour is assumed, and is used 
for analysing concrete structures in which the steel reinforce-
ment yields before the ultimate strength of the structure is 
reached" Yielding is restricted to yield lines,and thus at 
the ultimate load the structure is divided into a number of 
segments which form a collapse mechanism. A review of the 
yield-line theory for reinforced concrete is given by 
4 
Hognestad o 
The applications of these methods have normally been con-
cerned with the limit analysis of a structure and, until very 
recently little attention has been paid to the behaviour of 
structures in the region after the onset of inelasticity and 
before failureo This neglect was due to the voluminous 
quantity of numerical calculations which arise in a complete 
inelastic analysis" However, digital computers have now re-
moved this problemo A complete inelastic analysis is very 
useful in ascertaining the general behaviour of a structure, 
including load-deflection curves, crack propagation, and 
regions of high stresso 
54 In 1966 Pope analysed elasto-plastic plane stress prob-
lems using a "step by step" analysis, ioe. the structure is 
solved for each load increment or step. Within each load 
increment the structure was assumed to behave elastically, 
and at the end of the load increment the newly yielded regions 
40 
were accounted for by changing their constitutive equations. 
1 d · SS · d h' h d b . . 11 Marca an King improve tis met o y using a partia y 
elastic and partially plastic element for those elements 
that are elastic at the beginning of the load increment and 
plastic at the end of the incremento They calculated a mean 
value for the stiffness coefficients of a partially elastic 
and partially plastic element, i.eo 
(k .. ) = m (k .. ) + ( 1-m) (k .. ) 
lJ ep lJ e . lJ p 
( 4. 1) 
where (k .. ) is the mean stiffness coefficient, (k .. ) is 
lJ ep lJ e 
the elastic stiffness coefficient, (k .. ) is the plastic stiff-
lJ p 
ness coefficient, and mis a scalar such that O ~ m ~ 1. This 
th d h 1 b t d db M 1 d ·1 . 56 t me o as a so een ex en e y area an Pi grim o 
analyse axisymmetric shellso 
A general formulation of this method, given by 
Zienkiewicz, Valliapan and King5 ; is described below. For an 
infinitesimal increment of stress the corresponding strain 
increment is divided into its elastic and plastic components, 
o{g} = o{g} + o{g} 0 
e p 
(4.2) 
The elastic increment of strain is related directly to the 
stress increment by the elastic constitutive relationship 
o{E} = 
e 
-1 [C ]6{0}. ( 4. 3) 
Yielding will occur when the stresses {0} satisfy a yield 
criterion 
F(o) = K 
where Fis a yield function and K is a strain hardening 
functiono Eq. (4a4) may also be written as 
3F O + 3F 00 + ••• + 3F OK 




The plastic increment of strain is related to the yield 
function by the flow law 
where A is a positive constanto 
Hence, combining Eqs (4o3) and (406) we obtain 
1 oF [c- ]o{o} + TToT \ 
and incorporating Eqo (4a 5) 
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( 4. 4) 
( 4. 5) 
( 4. 6) 
( 4. 7) 
From Eq. (4.7) an elasto-plastic constitutive relationship 
can be obtained, i.e. 
42 
c5 { 0} = [C]* cS{s} ep (4. 8) 
where 
[C]* = [C] - [CJ f clF { f clF jT[c}[A+ [ clF _)T[c] [_ 3F) 1-1 
ep ,aTaT5 c 3l"crlj · . ffiTJ cTToTJ _ 
If von Mises yield criterion is used then Eq. (4.7) gives the 
Prandtl-Reuss stress-strain~increment equations which is the 
formulation used by Pope, Marcal and King, and Marcal and 
Pilgrim. 
Brotchie58159 (1961) examined the inelastic behaviour of 
thin plates which obey the Tresca criterion for yielding. By 
applying appropriate boundary conditions to the elastic and 
plastic areas and then solving by expanding into series 
involving Bessel's functions, Brotchie considered yielding 
along lines and, for axisymmetric structures, yielding of an 
area. 
5 Bhaumik and Hanley (1967) formulated the problem in two 
parts; firstly the equilibrium equation for a plate element, 
which is independent of the material property, 
- q ( 4 • 9) 
where M is the bending moment in the x direction, M is the 
X y 
bending moment in they direction, M is the twisting moment 
xy 
in the x-y plane, and q is the load intensity. 
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ax2 ay2 
- D (1-v) a
2w 
axay 
where Dis the flexural rigidity of the plate, vis Poisson's 
ratio, and w is the transverse displacement. 
Considering Johansen's square yield criterion the 
following conditions exist at a yield line, i.e. in the 
inelastic region, 
!M I = M n 
IMtl ~ M 
Mnt = 0 
whe~e M is the n 
along the yield 
p 
p 
( 4 .11) 
moment across the yield line, Mt is the moment 
line, Mt is the twisting moment, and M is 
n P 
the plastic moment capacity of the section. Therefore, the 
moment at any point can be defined by Eqs (4.10) or Eqs (4.ll)o 
Bhaumik and Hanley solved these equations by converting 
them into finite difference form. As well as studying 
Johansen's yield criterion they studied the yield criteria 
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of Tresca and von Mises (each of which will alter the form of 
Eq. (4.11)). 
Riera and Billington6 (1968) assumed a plane stress 
yield curve F(a 1 ,a 2 ) = O, where a 1 and a 2 are· principal 
stresses, and this defines a yield curve f(s 1 ,s 2 ) = 0 where 
s 1 and s 2 are the principal strains. They expressed the 
constitutive equations for concrete as a function of the 
principal stresses 0 1 . and a2 (which defines two principal 
strains, E 1 and s 2 ) , i.e. 
r 
al = CTlf(l - e ro) 
r 
( 4 . 12) 
- -
02 = CT2f(l - e ro) 
where r is a strain measured from the origin of the yield 
curve f(s 1 ,s 2 ) = 0 to the point (s 1 ,s 2 ), r 0 is a strain 
having the same slope as rand it is measured from the origin 
of the yield curve f(s 1 ,s 2 ) = 0 to its point of intersection 
with this curve, and a 1 f and a 2 f are the yield stresses in 
the principal stress directions. Riera and Billington 
assumed an elliptical yield criterion for reinforced concrete 
as shown in Fig. 4.1, and they .solved the differential shell 
equations by numerical integration. 
7 McNiece and Kemp analysed reinforced concrete slabs 
using the finite element method and assuming elastic/ 
perfectly-plastic behaviour of the concrete, i.e. a square-
yield criterion. They retained the same structural stiffness 
ellipse 
Fig. 4.1. Yield Criterion used by 
Riera and Billington 
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matrix throughout the analysis and incorporated the inelastic 
effects by applying plastic rotations at the appropriate 
nodes., These plastic rotations were determined by introducing 
additional equations which enforced the moment at the inelastic 
nodes to remain at the yield moment. 
4.2 Complete Analysis for Reinforced Concrete Slabs and Shells 
In most step by step analyses the constitutive equations 
are modified at the end of each load increment to account for 
the points that have yielded. Thus the analysis is based 
upon two premises; 
a) a yield criterion, and 
b) a method of modifying the constitutive equations for 
non-linear and/or inelastic effects. 
The most suitable yield criterion for a reinforced 
concrete section in flexure is Johansen's square-yield 
criterion (Fig. 4.2) which postulates that when one or both 
of the principal moments reaches the plastic moment M then 
p 
the plane associated with that principal moment will become 
plastic, i.e~ elastic/perfectly-plastic behaviour is assumed. 
The plastic moment is generally taken as the yield moment. 
Reinforced conc.rete, however, does not behave in an 
elastic,iperfectly-plastic fashion. Referring to the moment-
curvature curve of an under-rein£orced concrete section 








M' - p 





re inf or cement yields 
reached 
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Fig. 4. 3. Moment- Curvature Curve for an 
Under-Reinforced Concrete Section 
a) before cracking, M < M , 
er 
b) after cracking but before the steel has yielded, 
Mer$. M < Myd' 
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c) after the steel has yielded but before the ultimate 
moment is reached, Myd ~ M < Mult' and 
d) when the ultimate moment i~ reached, M = Mult" 
(The extent of this fourth phase is variable, and in the case 
of a simply supported beam will not exist at all. However, 
for those structures that undergo redistribution of stresses 
the structure will not fail when one section fails but only 
when a collapse mechanism is. formed.) 
It was decided to represent these phases in a diagram 
called a section property diagram (refer Fig. 4.4). This 
particular diagram assumes that there is no interaction 
between the principal planes and therefore the moment-curvature 
relationship of a slab section will be identical to the 
moment-curvature relationship of a beam which possesses an 
equivalent section. If the moment-curvature relationship is 
multi~linear (refer Fig. 4.5) then a multi-linear section 
property diagram could be constructed. Furthermore, the 
components of the section property diagram need not be square~ 
i.e~. interaction between the principal moments could be 
accounted for, and also additional variables could be intro-
duced and a multi-dimensional section property diagram could 
be constructed. For example, a third axis of tim~, to 
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Fig. 4. 4. Section Property Diagram 
Moment 
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Fig. 4.5. Multi-Linear Moment-Curvature 
Curve 
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diagram. Finally, there is no compulsion to retain the same 
basic shape for each component in the diagram. Thus, the 
section property diagram shown in Fig. 4.4 represents ·the 
simplest possible case. 
Two. advantages of the diagram are; that a physical 
picture of the properties of a section can be obtained, and 
by defining this diagram mathematically the·· conditions at 
any point on a structure can be readily determined. 
The method of solution involves a step-by-step, building 
up process. At the end of each load increment the load-
d~flection characteri~tics of the nodal points are related. to 
the moment-curvature relationship of the section, and thus 
the extent of the non-linear or inelastic effects can be 
determined. Using this information the stiffness of any 
partially or fully cracked finite elements is determined and 
a new structural stiffness matrix can be formed. Within 
each load increment moment redistribution can be·taken into 
account using the "initial stress" method57 (refer Section 4.6) .. 
The adoption of the section property diagram shown in 
Fig. 4.4 assumes that there is no interaction between planes 
that are perpendicular to each other. Due to this assumption 
two objections can arise. Firstly, when the angle between-
the principal planes and the reinforcement is not zero it 
60 has been postulated that the yield moment will increase, 
and secondly, Poisson's ratio for reinforced concrete is not 
zero .and hence some interaction will occur. These two 
objections are covered in the following two sections. 
4.3 Distortion of the Reinforcement Across Cracks 
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For a slab reinforced along the x and y axes (Fig. 4.6) 
the normal method of determining the yield moment across a 
fracture, ,line; which is inclined at an angle a to the x axis, 
is to assume that the fracture line is stepped, and further, 
that the principal moments are in the x and y directions. 
Hence 
. 2 2 
m = m sin a+ m cos a n X y ( 4 .13) 
where m is the yield moment across the.fracture line, m is n X 
the yield moment along the x axis, and m is· the yi_eld moment y 
along they axis. Although, the assumption that the principal 
moments will always be in the x and y directions is incorrect 
it leads to conservative results and is normally used~ 
60 Wood ,.however, stated that whenever the angle a was 
greater ,than zero the moment across a fracture line would be 
greater than the yield moment proposedby Johansen's Square,;... 
Yield criterion due to distortion (also known as "kinking") 
of thereinforcernent apross the crack. If the reinforcement. 
is distorted completely so that it is perpendicul~r to the 
fracture line then the yield moment across the fracture line 
is 










For the case of equal reinforcing in th~. x and y dire9tions 
0 and an angle a of 45. the yield moment across the fracture 
line, assuming full distortion of the reinforcement, would 
theoretically be 41% higher than that proposed by Johansen's 
Square-yield criterion. 
' t 1 t t b th d 6 O d ' · . k' 61 d In experimen a .· es s o Woo an Kw1eo1ns •l. note· 
an increase of approximately 17% in the aforementioned 
example thus showing that a partial distortion of the rein-
forcement occurred. 
62 In othe:i: series of tests, however, Moreley , and Prince 
63 and Kemp found no such enhancement.in the moment and.they 
believe that extraneous factors caused the increase that both 
Wood and Kwiecinski observed. 
Because the controversy is not finalised provision was 
made to accept either no distortion or partial distortion of 
the reinforcement. When partial dis,tortion is assumed the 
I 
yield moment across a fracture line is.calculated according 




2 .. 2 + K sin 2 }m ( 4. 15) m = - A sin a -· 2 COS·a n 
K 
where m is·the yield moment at a 0 = 0 , K is the coefficient 
mn o 
of orthotropy = - (a=· 90), 
m 
m 
andµ is the ratio n (a= 45°) such that 
m 
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½(/2-K 2 + K) 
An example compar,ing the effect of either including or 
excluding the distortion of the reinforcement is described 
in Section 7.2. 
4.4 Anisotropic Finite Elements 
The section property diagram shown in· Fig. 4.4 assumes 
that there is no interaction between stresses acting in two 
perpendicular directions. However, this assumption is only 
exact when Poisson's ratio for the reinforced concrete is zero. 
For uncracked concrete Poisson's ratio varies within the 
approximate limits of 0.14 and 0.20 and Poisson's ratio for 
steel is approximately 0.33. (For the analyses in Part III 
of this thesis Poisson's ratio for uncracked reinforced 
concrete was assumed to be 0.167.) With the onset of 
cracking, however, Poisson's ratio for the reinforced concrete 
will decrease; for e~ample, consider an uncracked element 
which is subjected to a stress system of a = T = 0, and a = 1. X Xy y 
The strain in the x direction will be E = -v /E . If this 
X yx X 
same element is cracked in they direction and subjected to 
the same stress system· then the strain-in the x direction will 
remain constant. Therefore, because E d~creases upon 
X 
cracking, the ratio v will decrease by. the same ratio. (A yx 
similar argument proves that v will not change its value.) xy 
Hence, the interaction of moments will be reduced as the 
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elements crack and the reinforcement yields. 
Anisotropy may arise from either differing quantities 
of reinforcement in different directions or due to direction-
al inelastic behaviour (e;g. yielding across a fracture 
line). The latter form of anisotropy affects the structural 
behaviour far more than the former which ha.snot been taken 
into account in the analyses within this thesis. To form 
anisotropic finite elements the. constitutive relationship 
{0} = [C]{d ( 4 .16) 
is altered. The .simplest form of· anisotropic element is what 
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Hearmon has called a '' specially orthotropic II element (refer 
Fig. 4.7a), i.e. the prihcipal directions of orthotropy 
coincide with the directions of the axes~ For this case 
E 
1 





E yx y 
E 
y 
G(l-v v ) xy yx 
(4.17) 
When the principal directions .of orthotropy do not coincide 
with the directions of the axes we h.ave a "generally 
orthotropic11 element whose. cons ti tuti ve relationship can be 
det~rmined by transforming the constitutive relationship of 
the specially orthotropic element, i.e. if e is the angle· 
betwe~n the principal directions of orthotropy and the 
directions of the axes then 













Fig. 4.7. A Specially Orthotropic and a Generally 
Orthotropic Finite Element U'I 
O'I 
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where [CJ is the matrix of material constants for the generally 
orthotropic element, [CJ is the matri~ of material constants 
for the specially orthotropic element (Eq. 4 .. 17) , and 
[ 2 
' 2 -cosesine cos 8 sin 8 
[ T] . 2 cosesina ] · - sin. 8 cos 8 
2cosesine -2cosesine 2 . 2 cos e-sin 8 
In the constitutive relationship there are five constantsi 
E1 , E2 , v12 , v21 and G. However, due to symmetry 
= (4.19) 
so that only four of the constants are independent. Because 
of the difficulty in determining the shear modulus Git was• 
decided to introduce an approximation and make its value 
dependent upon the other four constants. This dependence may 
be obtained as .follows. Consid~r an orthotropic finite 
element subjected to shear strain only and such that the 
' 
angle e, between axes 1-2 and x-y, is 45°. Substituting into 
Eq. (4.18) we.obtain 
'[ = xy (4.20) 
Also, for the same element, when the angle e is zero 
' . =- Gy • xy xy (4.21) 




El(l-vl2) + E2(1-v21) 
4 0-vl2v21) 
(4.22) 
Because the shear modulus is independent of the constants 
E 1 , v12 , v21 and E2 we cannot state very much about the 
accuracy of this expression except that: 
a) Eq. (4.22) will be correbt for an isotropic element, 
b) Eq. (4.22) will be correct when the angle 8 0 is 45 , and 
) Z . k . . 6 6 k ' . 1 . . b tt . c 1en 1ew1cz ma es a simi ar approximation y pu ing 
1/G = l/E1 + l/E 2 and he did not find any detrimental side 
effects .. 
After an element is cracked in one direction the stresses 
will redistribute and, if the element becomes doubly cracked, 
0 the angle between the two sets of cracks may not be 90 . 
This anisotropic element is shown in Fig. 4.8. 
If the first set of cracks occurred in the .y direction 
then, referring to Eq. (4.17), E would be replaced by aE 
X X 
and·v would be replaced by av where the coefficient a is xy · xy 
the reduction factor .. Taking Poisson's ratio for reinforced 
concrete as 1/6 and a reduction factor of .2, then the 
modified Poisson's ratio in any direction will approximately 
be 1/30 and because this value is so small it is assumed 
to be zero for all doubly cracked elements. This means that 
we ignore the interaction of perpendicular stresses. 
The doubly cracked anisotropic element may be replaced 
by a lattice comprised of two sets of bars which lie in 
5 9 




Fig. 4.8. An Anisotropic Finite Element 
Fig. 4.9. Elements of a Lattice in Direction 1 
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the directions of the cracks. From Eq. (4.22), the shear 
modulus of the lattice is taken as G = (E 1+E 2 )/4, i.e. we 
can assume that each set of bars absorbs a shear stress in 
proportion to its modulus of elasticity, and hence we can 
consider the lattice components separately. Fig. 4.9 
illustrates the portion of the lattice lying in a direction 
e1 to the x axis and having a modulus of elasticity of E1 . 
The constitutive matrix for such a lattice will be 
J ::l El f €1 'I = 0 (4.23) ' C: 2 ;, 
I€ 12 f E /4 IY12l 1 
Eq. (4.23) can be transformed to the x-y coordinate system 
using Eq. (4.18) and putting v12 = v21 = 0. The same 
procedure is repeated for the other part of the lattice and 
the constitutive matrix is taken as the sum of the constit-
utive matrices of the two parts. 
Computationally the procedure of forming anisotropic 
elements can be divided into three groups depending on whether ,., 
the element is initially uncracked, cracked in one direction, 
or cracked in two directions. (It is assumed that an 
element cannot be cracked in more than two directions.) This 
procedure is given below for a slab and, including bracketed 
phrases, for a shell. 
The aim of the analysis of an initially uncracked 
element is: 
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a) to determine the principal momerits (~nd the principal 
forces) and the angle that they make with the x axis; and 
b) to check the principal moments (and the principal 
forces) with a load~moment-curvature relationship.and hence 
determine the flexural rigidities in the directions of the 
principal momehts (and the principal force~). 
The analysis of an element that is already cracked in 
one direction is more complex. The aim is: 
a) to determine the principal moments (and the principal 
forces) and the angles that they make with thex axis, 
b) to take the principal moment (and the principal force) 
which has the.largest absolute value and ckeck that the angle. 
that it makes with the existing set of cracks is greater 
than a prescribed angle - this comparison is necessary to 
prevent two sets of cracks being formed which are almost 
parallel, in which case, any reduction of stiffness is 
assumed to occur at the existing set of cracks. If the angle 
is greater than the prescribed angle then the flexural 
rigidity corresponding to this principal moment (or principle 
force) is determined. 
c) If the angle-is less than the prescribed angle then 
the flexural rigidity corresponding to the other principal 
moment (and principal force) is determined. 
d) To determine the moment ( and force) acting at the 
angle of the existing set of cracks and if necessary to 
alter the flexural rigidity in this direction. 
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This procedure is not exact if a new set of cracks is 
formed and the stiffness of th~ existing set of cracks is 
altered because, when one of the stiffnesses is altered, the 
moment variation within the element is affected; but this, 
is not taken into account when calculating the other stiffness. 
If the element is too stiff, however, it would be reduced in 
the following cycle and therefore the final result will always 
be conservative. 
The analysis of an element that is doubly cracked is 
simply, 
a) to determine the moment (and force) across each set 
of cracks and hence determine the flexural rigidity for each 
crack angle. 
For all the analyses the elements always undergo a 
degrading stiffness, and therefore, even if. the moment at a 
section is reduced by redistribution, the stiffness of that 
section will never increase. 
Summarising this section and the previous section we 
can state that distortion of the reinforcement may affect 
the square-yield criterion, and in the worst possible 
situation the stress, given by the square-yield criterion 
would be 87% of the actual stress. Poisson's ratio·will 
also alter the square-yield criterion but mainly in deter-
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mining the cracking stresses because, after cracking, Poisson's 
ratio is substantially reduced. Acknowledging these facts 
the section-prope~ty diagram shown in Fig. 4.4 is still 
retained because it means that the properties of a slab or 
shell section can be describ~d by the properties of-an 
equiva,lent beam - a considerable simplification of the problem 
and one that lose~ very little accur~cy. 
\ 
4. 5 Load-Moment--Curvature Relationships for Reinforced 
Concrete Sections 
The accuracy of the inelastic analysis will be dependent 
upon the accuracy with which a representative load-moment-
curvature curve for a section can be depicted. (For a slab 
section it would be possible to determine the- moment-
curvature relationship by an experimental test on a beam 
having an equivalent section, though a th~oretical method would 
be more general and quicker to use.). 
Consider part of a cracked beam which is within a 
constant moment region1 Fig. 4.10 shows the approximate 
variation of: 
a) the steel stress, 
b) the concrete tensile stress 
c) the bond stress, and 
d) the curvature. 
The variations are only approximately known because the bond 





a) Tensile reinforcement 
stress 
b) Concrete tensile stress 
c) Bond stress 
d) Curvature 
Fig. 4.10. Cracked Concrete Segment in a 
Constant Moment Region 
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size and surface properties of the reinforcement, the quality 
of the concrete, and the loading distribution; for these 
reasons the bond stress variation•cannot be specified 
exactly. 
Theoretical load-moment-curvature relationships, however, 
67 , 
have been developed by Pfrang, Siess and Sozen and 
F B d 1 . · 68 b h d h h erry- orges an O iveira , ut t ey assume tat t e 
concrete tensile strength is zero: thus their formulations are· 
applicable to cracked sections only. . . 69 Priestley went~ step 
further and determined an. 11 average" curvature for a cracked 
prestressed concrete bea:in segment by assuming a triangular 
bond stress distribution between cracked sections. Following 
this method a computer program was written.to determine the· 
load-moment-curvature characteristics of a reinforced 
concrete beam section, and in addition, the method was ex-
tended so that the effect on the load-moment~curvature 
relationship of varying, 
a) the bond stress distribution; 
b) the section where the curvature was calculated, and 
c) the method of determining an equivalent curvature 
for a cracked segment, could be studied. 
Three different bond stress variations were investigated, 
triangular, rectangular and sinusoidal (refer Fig. 4.11). 
These distributions correspond to those predicted by Wastlund, 








Fig. 4 .11. Bond Stress Distribution in a 
Constant Moment Region 
67 
segment the curvature was calculated at six equally spaced 
sections ranging from the section at a crack to the section 
midway between the crack and an adjacent crack. 
Fig. 4.12 shows a segment of a cracked beam such that 
the segment contains only one crack and its bbundaries are 
the midsections of the adjacent cracks.. The load-moment-
curvature characteristics of this segment are determined by 
assuming that it is within a constant moment region. This is 
an acceptable approximation because the length of the segment 
will in general be less than two ti~es the section thickness 
and hence, for a slab or a shell, the error in assuming that 
the internal moment is constant will normally be small; 
furthermore, the moment due to the applied load will be much 
smaller than the internal moment and therefore it can also be 
neglected. 
Priestly took an average curvature .which gives equivalent 
rotations at sections 1 and 2 (this shall be called an 
equivalent-rotation curvature), so that 
(4.24) 
where pr is the equivalent-rotation curvature and p1 , p2 , p3 , 
P4 , Ps and p 6 are the curvatures at the sections progressing 
away from th~ cracked section, i.e. pl is the curvature at 
the cracked section and p6 is the curvature at the midsection. 
If, however, we require an equivalent displacement at 
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Fig. 4.12. Cracked Segment of a Beam 
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an equivalent-displacement curvature) is 
pd= .l9pl + .32p 2 + .24p 3 + .l6p 4 + .08p 5 + ,Olp 6 (4.25) 
where pd is the-equivalent-displacement curvature. 
As we move away from the cracked section the curvatures 
always decrease, i.e. 
pl> P2 > P3 > P4 > P5 > p6 
and therefore 
(4.26) 
Hence, if an equivalent-rotation curvature is used the dis-
placement at section 3 will be underestimated; but if an 
e~uivalent-displacement curvature is used the rotations at 
sections 1 and 2 wi.11 be overestimated. Because accurate 
displacements are more important to engineers than accurate 
rotations, and because the displacement method normally gives 
a lower bound to the displacements (Section 3.2), the 
equivalent-displacement curvature will generally be used. 
(An example in Section 6.2 illustrates the effect of using an 
equivalent-rotation curvature compared with an equivalent-
displacement curvature.) 
The concrete tensile force, which varies from zero at 
a crack to a maximum value midway between two cracks, was 
assumed to have a triangular stress distribution at all 
sections. The maximum tensile stress that the concrete can 
take before it cracks is• best determined from- the modulus of 
70 
rupture. Unfortunately values for the modulus of rupture 
vary considerably and are dependent upon many factors 
including the quality of the concrete, its water/cement 
ratio, the type and shape of the aggregrate, the method of 
curing, and the rate and method of loading. Also,the modulus 
of rupture test takes a specimen which is free from shiinkage 
stresses; but in a reinforced concrete section shrinkage 
stresses will be concentrated near the reinforcement so that 
weaker sections will be·. formed. 
Neville 71 records three formulae relating the modulus of 
rupture to the concrete compressive strength .. The first is 
that assumed by the Comite Europeen du Beton, 
9.5 ✓IT lb./sq.in. 
C 
where ft is modulus of rupture. 
The second is from tests done at the University of 
Ill , . 72 d . lilOJ.S an. lS' 






Also, from Walker and Bloem73 the-modulus of rupture, if 
the concrete compressive strength is greater than 2,000 
lb./sq.in., i·s 
= (L 29) 
Tests done by Ramakrishnan, Ananthanarayana, and 
74 Gopal for concrete compressive·. strengths between 2,500 and 
5,000 lbo/sq.ino, indicate that 
= .l0f' + 130 lb./sqoin. 
C 
Fig. 4.13 shows the values-of the modulus of rupture 
calculated by these four formulae for a selected range of 
compressive strengths. 
The v~riation in the value of the modulus of rupture 
will be even greater than that shown in. Fig. 4. 13 becau.se 
71 
each formula defines an "average" value; for example, 
Ramakrishnan I s values of the ·modulus of rupture vary by approx-· 
imately ± 100 Iba/sq.in" 
Further details of this method, including the stress-
strain relationships that were assumed for the reinforcement 
and for the concrete, and the analysis of the possible 
sections, are given in Appendix B. 
For the reinforced concrete beam section shown in Fig. 
4.14, moment curvature curves (normalised to 1) were drawn 
(Fig. 4.15) assuming a rectangular bond stress distribution 
and.taking: 
a) the curvature at a cracked section, 
b) the equivalent-rotation curvature, and 
c) the equivalent-displacement curvature. 
The principal differences in the curves can be explained by 
studying the curvatures at sections away from the' cracked 
sectiono Fig. 4"16a shows the curvature variation (normalised 
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of the ultimate moment (ioeo the section has cracked but the 
steel has not yielded) and Fig. 4.16b shows the curvature 
variation (normalised to 1) when the applied :moment is 0.9 
of the ultimate moment (ioe. the ste~l has yielded), The 
different behaviour of the three curves in Fig. 4.15 can be 
explained by the method of determining thei;r- curvatures; the 
curvature at a cracked section is always the greatest and the 
equival~nt-displacement curvature given in Eq. (4.25) will be 
large~ than the equivalent~rotation curvature given in Eq. 
(4.~4) because Eqo (4o25) comprises larger, proportions of the 
curvature near the cracked section than does Eq. (4.24). 
Hence, curve (b) is stiffer than curve (c) which in turn is 
stiffer than curve (a). 
Assuming an equivalent-.displacemertt curvature, moment-
curvature curves (normali~ed to 1) are shown in Fig. 4.17 
taking: 
a) a triangular bond stress distribution, 
b) a rectangular bond stress distribution (Leo curve 
(c) of Fig. 4.15, and 
c) a sinusoidal bond stress distribution. 
Again the variation of the curves can be explained by the 
method of determining their curvatures" The triangular 
bond stress distribution will decre~se the steel force (and 
hence the·curvature) at sections near a crack more quickly 
than the rectangular bond stress distribution, and the 
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Fig. 4.17. Moment-Curvature Curves 
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curvature more quickly than the sinusoidal bond stress dis= 
tribution. Hence, curve (a) is stiffer than curve (b) which 
in turn is stiffer than curve (c). 
Any bo.nd slip will alter the bond stress variation and 
will decrease the effective stiffness of the cracked segment. 
Some bond slip will always exist at a crack but its extent 
is difficult to determine, and among other factors, will 
depend upon the moment variation over the cracked segment. 
It has been assumed that each cracked segment is within a 
constant moment region but it is worthwhile considering what 
moment variation would be necessary to cause bond failure. 
If the difference in steel force at two adjacent cracks is 
t:. T then 
ti T = Z s T 
0 av 
where Z O is the surface area of the reinforcement, s is the 
distance between the two cracks~ and T is the average bond 
av 
stresso For the example cited' above, if we assume an average 
bond stress of 250 lbo/sq.ino (which equals the ultimate 
average bond stress for non=deformed bars specified in the 
ACI Building Code75) and that the minimum distance between 
two cracks is equal t~· the section thicknessj ¾ inch 9 then 
T = 46.9 lb. This corresponds to a moment variation of 
approximately 25 lb.in. over a distance of¾ inch which is 
unlikely to occur in the slab shown in Fig. 4. 140 Furthermorej 
the value of 250 lb./sq.in. for the average bond stress of 
could be conservative; Mains 76 measured the average bond 
stress of undeformed bars and found that it varied from 
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240 lbo/sqoino to 415 lbo/sqoino If deformed bars were used 
the chance of bond failure occurring would be considerably 
less due to their higher average bond stress of 335 lb./sq.in. 
to 890 lbo/sqoin. 
Assuming an equivalent-displacement curvature and a rect-
angular bond stress, moment-curvature curves (normalised to 1) 
were drawn in Fig. 4018 taking the cracking moment as: 
a) 17.1 lb.ino/in. width (this corresponds to a maximum 
concrete tensile stress of ft= 166 lb./sq.ino), 
b) 27o4 lboino/ino width (Leo curve (c) of Fig. 4.15). 
This corresponds to a maximum tensile' stress of 
ft = 266 lbo/sq"ino), and 
c) 3706 lhoino/ino width (this corresponds to a maximum 
concrete tensile stress of ft= 366 lbo/sqoino) 
It is seen that the stiffnesses of the curves vary quite 
considerably• In the above example the true cracking moment 
was 27.4 lb.ino/in" width (refer Section 601) but the 
cracking moments 17"1 and 3706 lb.ino/ino width were tried 
because they represent two extreme values that could occur. 
To summarise this section, we have shown that moment-
curvature curves can be developed for slabs or shells whilst 
including many variableso At the same time there is an 
obvious deficiency in experimental knowledge on the bond 





















maximum tensile stress that a reinforced concrete section can 
take when subjected to bending stresseso 
The effect of using these dif£erent moment-curvature 
relationships is shown in an example in Section 6.2. 
406 Method of Solution 
Early methods of solving inelastic structures used 
either the step by step method or the method of successive 
approximations. Nowadays, however, many analyses utilize 
both these methodso 
In the step by step method the behaviour. of an inelastic 
structure is approximated to the behaviour of a series of 
elastic structures each subjected to a load increment {6R} 
and whose stiffness is determined from the stress state at 
the end of the previous load increment, ioeo 
{ fiR } 
n 
[K ]{fir } n n (4.32) 
where, for the n th load increment, {fiR} is the load increment n 
vector, [K] is the complete stiffness matrix, and {fir } is 
n n 
the displacement increment vector" The total displacements are 
{r} 
n 
{ r 1 } + { fir } n- n (4.33) 
where {r} is the displacement vector at the end of the n th n . 
load increment, and {r 1 } is the displacement vector at the n-
end of the n-1 load incremento 
A typical load-displacement relationship for any point, 
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using the step by step method, is shown in Fig. 4.19. This 
figure illustrates a disadvantage of the step by step methodi 
because the stiffness matrix for each load increment is 
determined from the stress state at the end of the previous 
load increment, the simulated structure becomes increasingly 
stiffer compared with its prototype" This error can be over~ 
come .by using the "partial stiffness'' concept of Marcal and 
King55 whereby elements that are elastic at the beginning of 
a load increment and plastic at the end of the increment are 
given a "partial stiffness" which is less than the elastic 
stiffness but greater than the plastic stiffness. The analysis 
is repeated using these "partial stiffnesses" until a stable 
situation arises. Thus the solution utilizes both a step by 
step method and a form of successive approximations. 
A major disadvantage of most inelastic analyses is that, 
for each load increment, the structure must be completely 
analysed and this can become very time consuming for a 
complete analysis. There are two exceptions to this; for 
problems where an inelastic element stiffness matrix is pro-
portional to its elastic stiffness matrix we can retain the 
elastic stiffness matrix and account for the inelasticity by 
increasing the element loading system, i.e. fo~ an inelastic 
element 
{ R} = [ k' ] { r} (4.34) 
where [k'] is an inelastic element stiffness matrix and 
load 
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by the step by step method 
displacement 
Fig. 4.19. Load -Displacement Relationship 




Fig. 4.20. Load =Displacement Relationship 
using the Method of Successive Approximations 
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[k'] = [a][k] where [k] is the elastic element stiffness 
matrix, and [a] is a diagonal matrix. We can form the same 
displacement system by 
= [k]{r} (4.35) 
and therefore the inelastic history of a structure can be 
followed by re-forming the applied load at each step. Unfor-
tunately not many materials behave in this manner and therefore 
the method is rather limitedo 
Another method of reducing the time of analysis -is to use 
an iterative solution; but as the inelastic effects propagate 
the stiffness matrix becomes increasingly ill-conditioned and 
an iterative solution is not always very efficiento This is 
especially so for plate bending problems which are never as 
well-conditioned as plane stress problemso 
The method of successive approximations is best if only 
one load case is requiredo The equilibrium position of a 
structure is determined by successively solving the·equation 
( 4 0 36) 
where {Q} is the force vector, [K 1 ] is the complete stiff-n-
ness calculated from cycle n-1, and {qn} is the displacement 
vector at cycle no Having obtained the displacements the 
stress system can be determined and hence, if the inelastic 
region has altered, the complete stiffness matrix can be 
suitably changed. Fig. 4.20 illustrates a typical load-
displacement relc;ltionship, for any point, using the method of 
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successive approximationso Wilson 77 notes that, in general, 
there is no guarantee that this method will converge to the 
true solutiono For a progressively degrading force-displace-
ment relationship, however, the displacement at any point 
will always be a lower bound and will therefore converge 
monotonically to the true displacemento 
Originally it was decided to base the method of analysis 
upon the method of successive approximations but to include 
the ability to increment the load system at the operator's 
requesto For any given loading system the stress redistribut-
ion is accounted for using the "initial-stress" method 
described by Zienkiewicz, Valliapan and King 57 
The program execution ,can be summarised belowo 
a) the loading system is either read into the computer or 
determined from an existing load system (ioe. if the load is 
being incremented)" For the applied load, and assuming 
elastic behaviour throug:icut the increment, both the displace-
ment system and the principal stress system are determinedo 
b) If any inelastic regions have propagated within this 
load increment the structural stiffness matrix is appropriate-
ly alteredo This new structural model is held in the 
existing displacement system with the aid of 'restraining 
forces' acting at the nodal points. 
c) Forces that are equal in magnitude and opposite in 
direction to the 1 restraining forces• are applied at the nodal 
points and new displacement and stress systems are determined. 
d) If the inelastic effebts have propagated steps (b) 
and (c) are repeated. When the structural model is stable 
the program either terminates or a new load increment is 
applied depending on the will of the operator. 
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The program's method of analysis effectively reanalyses, 
the structure at each cycle 'and the operator has no opportunity 
to alter any of the results. For example, in the middle of 
the'analysis the operator may wish to change the mesh layout 
so that a region of high stress -,can be accounted for. Many 
occasions occurred when such changes were desirable and these 
are stated in the analyses contained in Part III of this 
thesis. For this reason the above method of analysis. was dis-
carded and a different method used. The second program 
execution is summarised below. 
a) The loading system is read into the computer and, 
assuming elastic behaviour, both the displacement system and 
the principal stress system are determined. 
b) The conditions of anisotropy of each element are 
determined, i.e. two moduli of elasticity, the angles that 
they make with the x-axis, and one value of Poisscin's ratio 
(refer Section 4.4 for the element analysis). These values 
are punched onto cards and serve as part of the program 
data for the next cycle. 
c) Steps (a) and (b) are repeated until the inelastic 
region is stable. 
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This method is quite simple insofar as it utilizes- a 
normal elastic analysis and one additional phase is included 
to determine the element conditions. 
No m_atter which method of analysis is. used there are .two 
possible methods of· rep;resentihg the inelastic. regions: 
a) to form a mesh at each step so that all the e:iements 
are ei t]1er totally el·astic or totally· inelastic, and 
• . l ' 
b) to retain the•. same mesh throughout. the- analysis and to. 
develop a finite element containing bo-ph elastic and inelastic 
regionso. 
If the· first method i 9 used then the finite -elements are 
formed as anisotropic elements (refer Sect:ion 4.4). The 
development and limitations of finite elements which contain 
both elastiq and inelastic regions (which we shall subsequently 
call elastic/inelastic finite elements) are studied in· the. 
following chaptero 
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C H A P T E R 5 
ELASTIC/INELASTIC FINITE ELEMENTS 
It would be advantageous to have a finite element that is 
capable of containing both elastic and inelastic regions 
because this wouid remove the nebessity of having to ~sea 
m.esh which contained wholly elastic or wholly inelastic 
finite elements; a difficult task which necessitates the use 
of a large number of small elements within the zones of 
cracking and yielding. Hence, the use of elastic/inelastic 
elements would enable a uniform mesh to be used,. larger 
structures to be analysed (because we would not need to have 
small elements in the regions where high stresses were exp~cted), 
and operator interaction would be reduced to a minimum (because 
we would not have to adjust the cracking boundary to ensure 
that·elements were either cracked or uncracked). 
A cubic displacement plate bending element will have a 
linear variation of moment over its area, and a quadratic-
strain plane.;...stress element will have a linear variation of 
axial force (per unit width); therefore, considering the case 
of one portion of the element being elastic. and the other 
portion inelastic, a line can be drawn from two sides of the 
element separating these regions (Fig. 5.1). Alternatively, 
the element may be totally inelastic and the· stiffness of 
any section will be dependent upon the moment at the section. 
89 
o r i n e la s t i c r e g I o n 
inelastic or elastic region 
Fig. 5.1. Elastic/ Inelastic Finite Element 
3 
2 
Fig. 5. 2. Triangular Finite Element Divided 
into Four Subelements 
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Both of these possibilities lead to a finite element 
comprising elastic and/or inelastic regions. The following 
sections consider the formation of such elements and their 
merits and demeritse 
5.1 Elastic/Inelastic Plate Bending Finite Element Formed by 
~ Beam Analogy 
Consider a triangular element 1-2-3 which contains both 
an elastic and an inelastic region. If the points of inter-
section of the line that separates the two regions and the 
element sides are taken as nodal points (say, points 5 and 6 
in Fig. 5.2) and on the remaining side a nodal point is 
placed at the midside, then the element can be divided into 
four subelements as shown in Fig. 5.2. 
The stiffness of each subelement can be determined 
(refer Section 4.4) and we can write the basic stiffness 
equation for the whole element as 
1::) 
k k k 
ci r cc cs C 
= k kss k si rs ( 5 0 1) SC 
k. k. k .. r. 
lC lS ll l 
where the terms of this matrix equation represent Sl;lbmatrices. 
whose sizes are determined by their subscripts, i.eo 
the subscript II C" refers to the corner nodes 1, 2 and 3, 
the ·subscript "s" refers to the side nodes 4, 5 and 6, and 
the subscript II ill refers to the interior nodes 7, 8 and 9. 
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(The corner and side nodes have one translational and two 
rotational degrees of freedom but the interior nodes have 
only one rotational degre~ of f~eedom.) 
The strain energy of the.element is 
T k k k r ci r C cc- cs C· 
u = ½ r k k k si r (5.2) s SC ss s 
r. k. k. k., r. 
l. J.C lS J.l L 
A conne~tive matrix [E] was constructed so that the dis-
placements of the side nodes 4, 5, and 6 could be related to the 
dis placemen ts of the corner nodes 1, 2, and 3, i.e •. 
= 
and substituting into Eqo (5o2) we-obtain 
U = ½ {rc}T [K] {: re} 
r. ; r. 
J_ ! J_ 
! 
where 
[~c': + k E + E'.l'k + ETk E I k + ETk [k] cs SC ss I ci = - - - - - - -1 - - -
k. + k, E I k., 
lC lS ll 
The basic element stiffness equation is now 
= [k] {re\ 
r. j 
l-
( 5 0 3) 
( 5. 4) 
si 
& 
( 5. 5) 
and this can be further reduced by condensing out the interior 
nodes. Thus 
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{R } = [ kl{ r } 
C C 
( 5. 6) 
where 
[k] = [ k + k E + ETk CC CS SC 
T -1 
-(k.+Ek.)k .. (k. +k.E)] 
Cl Sl · ll lC lS 
and th~ stiffness matrix [k] relates the .forces a~ the corner 
nodes ·to the displacements at· the corner: nodes o 
From a c6mputational viewpoint it is 1 best to take each 
sub element in turn and eli.minate the' side nodes.. Hence the 
stiffness matrix [k] of Eq. (5o4) is formed as the sum of 
the contributions from each subelement. Finally, the conden-
sation process can easily be performed by an inverse 
symmetric Gaussian elimination upon the bottom three rows. 
_Before constructing the connective matrix we note that, 
for the plate bending element described in Appendix A, the 
displacement of any point p on·side i-j and distances from 
node i (Figo So3a) is 
2 3 2 3 
w = w. (l-3x +2x) + w. (3x -2x) 
p l J 
2 3 2 3 
+ ,Q, e . (-x+2x -x ) + ,Q, e . (x -x ) , 
Ill nJ 
e = sp 
= e . (l'""'x) + e . (x), 
Sl SJ 
( 5. 7) 
n 
a 
I p J :f ~s t .A. l z t le .. L 
" 
b 
Fig. 5.3. Finite Element and an Equivalent 
Beam for Side i -j 
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= aw (- 38) p 
= 6 2 2 2 I(w1-w2 ) (x-x) + eni (l-4x+3x) + enj(-2x+3x ) , 
where 1 is the length •of side i-j, and x = s/1, and these 
equations are 'identical to those for a beam whose length is 
the same as the element side i-j (Fig. 5. 3b) • 
For an elastic/inelastic finite element either one or 
three subtriangles will be inelastic. Within the inelastic 
region, although the stiffness will vary as the moment varies, 
it is assumed that each subtriangle will have a constant 
stiffness which is determined by averaging the stiffnesses at 
the subtriangle ,nodes. The err.or incurred due to this approx-
imation will be small because, in general, an elastic/inelastic 
element will not contain yielded regions, and the variation in 
stiffness within cracked regions is not very large. Yielded 
regions will normally occur in a totally inelastic element and 
in this case there are two possible methods of determining the 
side nodes. The first is to form the sube-lements by taking 
the additional nodal points at the midsides, while 
alternatively the yielded region can be separated from the 
cracked region and subtriangles formyd in a similar manner 
i 
to the partially elastic and partially inelastic case des-
cribed above. In either case the stiffnesses of the subelements 
are taken to be constant" Hence, we require the connective 
matrix to relate the, displacement of a side node p to the 
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displacements of the corner nodes i and j given that the 
stiffness of the element from i top is E1 and the stiffness 
from p to j is E 2 o This problem'. can be solved using the 
moment-area method on the equivalent beam, s~ch that the· length 
of the beam equals the length of the side i-j, and the stiff-
ness of the beam from i top is E1 and the stiffness from p 
to j is E2 o Thus, the displacements of each side node can be 
related within an intermediate coordinate system n-s-z to 
the displacements of the corner nodes, and after these have· 
been transformed· to the common coordinate system x-y-z, the 
connective matrix [E) of Eqo (5o3) can be formedo (A fuller 
description of this method is given in Appendix Cu) 
The construction of this elastic/inelastic finite element 
illustrates an inherent error of the displacement model which 
can be increased when the element is partially inelastic; 
namely that the displacement of the node p on side i-j, given 
in Eqs (So 7), is inder_:Brrlent of the position of the third 
corner node ko (From consideratim of symmetry the best 
finite elements will be formed by equilateral triangles -
refer Section 3.lo) This e~ror can be accentuated when 
cracking occurs because: 
a) the displacement of node pis independent of the 
position of both the third corner node and the other 
side nodes, 
b) the subtriangles will sometimes contain _large 
differences in their fle~ural rigidities, and 
c) inelastic regions occur randomly and therefore 
extremely tapered elements can be formedo 
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Nothing can be done ·about the first two errors because 
compatibility of edge displacements necessitates that side 
nodes are dependent only upon the corner nodes that are on 
the same sidea The third possible error, howeverj can be 
guarded against by imposing limits upon the position of the 
side nodes, and thus preventing very tapered elements from 
being formedo 
_One advantage of this method is that if an elastic. element 
is formed then, because of the additional interior degrees of 
freedom, the stiffness matrix wil-1 be more accurate than the 
normal elemertt stiffness matrix. If, however, we had cons-
trained these interior degrees of freedom by relating their 
displacements to those of the corner nodes then the stiffness 
matrices would be identical" This advantage ,will remain with 
an elastic/inelastic element but it may be negated by the 
disadvantages mentioned above" 
A simple comparison of this elastic/inelastic element and 
an equivalent four-element structure was studied" The sub-
elements of the elastic/inelastic element form the elements of 
the four-element structure and hence the effect of constrain-
ing the side displacements of the elastic/inelastic element. 
can be observed" The elemertt configuration is shown in 
Figo 5a4 together with the coordinates of the fixed nodes" 
The flexural rigidity of triangle 3-6-5 was one tenth the 
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Fig. 5.4. Elastic/ Inelastic Finite Element and 
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Fig. 5.5. Displacement Profile of Node 3 
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flexural rigidity of the other triangles-, and it is assumed 
that the side 1-2 is fixed and that node 3 may displace but 
not rotate. The displacement of node 3 is shown in Fig~ 5.5 
for different positions of the line 5-6 (which moves parallel 
to the fixed edge 1-2) o 
For the four element,structure the limiting.values, as x 6 
tends to either O or 0.5, are not very accurate because the 
structure contains some very tapered elements at these 
values. The elastic/inelastic element appears to have quite a 
smooth curve and all.the points lie within the.values-of a 
totally cracked and a totally uncracked element. 
Another example was studied; it consisted of a simply 
supported beam containing a uniformly distributed lbad which 
caused the middle portion of the beam to crack. This beam 
was analysed, firstly by making the crackboundary coincide' 
with an element boundary and hence rav:ing totally cracked or 
totally uncracked elements, and secondly, when the crack 
boundary di~ not coincide with the element boundaries 
elastic/inelastic.elements were used. The displacements 
(normalised to 1) from this analysis are shown in Fig. 5.6 
and we see that the elastic/inelastic analysis produces a 
slightly stiffer structure but the results are quite accept-
able. 
Further examples using this elastic/inelastic element· 
are given in Section 7.3. 
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5.2 Elastic/Inelastic Plate Bending Finite Element Formed 
by "Integrating by Parts"~ 
The elastic/inelastic finite element formed by a beam 
analogy contained the defect that taper~d- elements could occur 
and thus distort the resulting stiffness matrix. To overcome 
this problem a new element was formed by "integrating by parts"; 
in effect the strain energy of the plate bending finite element, 
given in Eq. (1.15), is suII1IDed over the elastic/inelastic 
element:, i.e. 
where A1 , A2 , 
and Al + A2 + 
•·· 1 A are distinct areas within the e~ement n 
•··+A = A is the area of the whole element. n 
The evaluation of Etj •. (5.8) yields 
u = 
where { x} is the nodal curvature veqtor, and 
+ [N ] is the nodal ··curvature n 
(5 0 9) 
stiffness matrix. Each element -of the nodal . curvature stiff--. 
ness matrix can be expressed as· 
[ Ni ] = A . /[ 1/! ] [ Ci ]( i/J ] T dA i 
J. 
and if the constitutive matrix is constant within the 
subarea A. it can be taken outside the integral .because the 
J. 
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matrix [ ijJ] comprises diagonal submatrices of the ,same order 
as [C.], ioeo 
l 
[Ni] = [Di] A.f[t][~]T dA ( 5 0 10) 
l 
where [ D. ] contains a diagonal of submatrices of [ C. ] • 
l l 
Because the plate bending finite element used within 
this thesis is formed from three subelements (refer Appendix 
A) the integrations must be p<3rformed over each subelem.ent. 
Furthermore, because of the d,ifficulty of integrating in 
triangular coordinates over a: partial area, a numerica:). 
integration was useda Appendix p cqntains details of how the 
plate bending finite ~lement was dividep. and also how the 
nume,rical integration 1was performeda 
A~ i;t st.ands, however, this new finite element will be 
too st:J-.ff because, even though the vari~tion in material 
property can be incorporated, the curvature distribution 
over the structure is ,constrained to a linear variatibn (i.eo 
the displacement distribution is cu~ic) o For- elements .that. 
> ' I 
are almost totall'y elastic, however,. the error will·be smalla 
To determine the exteht of the errpr the examples described-
in Section 5o.l were repe~ted using this elastic/inelasiic 
elementa The results of .the four-element structure,example 
are shown in Figo 5o7 and we. can see immediately that the 
elastic/inelastic element is very stiff and does not 
accur~tely.depict an element containing both elastic and 
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accurately! .;Qlqse~- ~---the two limits and in between these 
limit§: ~trr'e stiffnef4;:s variation is smalL The results of the 
beam example are -sl;i'own in Figo 5" 8 and again the displacement 
profile for the elastic/inelastic element is very stiff~ 
An investigation of the elastic/inelastic element 
stiffness matrix showed that, upon cracking, the s~iffness 
coefficients on the diagonal had been reduced but a few of 
the stiffness coefficients off the diagonal were increased (in 
the above examples the coefficients depicting twisting of the 
element had increased). The only method of improving this 
element would be to construct a non-linear interpolation 
vector and reconstruct the element stiffness matrix according 
to the method described in Appendix A - an extremely for-
midable tasko 
A further example of this elastic/inelastic element is 
given in Section 7o3o 
5o3 Elastic/Ine1astic Plane Stress Finite Elements 
In Section 7.3 analyses using. the -elastic/inelastic 
' . 
plate bending elements described in Sections Sol and 5.2 
indicated that these elements, in their present form, di.d not 
give-as accurate results as analyses which used elements 
that were either totally cracked or totally unc.racked. For 
this reason no elastic/inelastic plane stress elements were 
formed. However, the theoretical development of such 
elements according to the methods described in the previous 
,OT~~ 
~. ~ ~o -+- elements that are either totally cracked 
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Fig. 5.8. Displacement Profiles of a Cracked Beam 
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two sections is not complex and will be briefly discussed 
belowo 
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Because the axial force variation within each.element is 
linear an elastic/inelastic plane stress finite element that 
is formed by a beam analogy will have the subelement layout 
as shown in Figo 5o9o The development of the elastic/inelastic 
element is identical to that in Section 5.1 except that some 
of the subscripts have a different meaningo The basic stiff-
ness matrix for the whole element is 
k k k ci r cc cs C :c1 
= k k k si r (5o9) 
Rs! 
SC ss s 
k. k. k .. r. 
·, l_ lC lS ll l 
where the elements of this matrix equation repre~ent sub-
matrices whose size is determined by their subscripts; ioeo 
the subscript "c" refers to the corner nodes 1, 2; and 3, 
the subscript II S II refe·rs to the side nodes ,4 I 5, and. 6, and 
the subscript "i"• refers to the subelement centroidal 
nodes 7, 8, ~ and lOo 
(The corner and side nodes have one translational degree of 
freedom and two degre~s of freedom from the x and y derivat-
ives of the, translationo The centroidal nodes, however, nave 
only one translational degree of freed9m.) 
The strain energy of the element is 
3 
2 
Fig. 5. 9. Triangular Plane Stress Finite 
Element Divided into Four Subelements 
10 6 
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T k k k r ci r C cc cs C 
u = ½ r k: k k si. rs (5.10) s SC SS· 
r. k. k. k .. r. 
J. lC lS J.l l 
A connective matrix [E] could be constructed so that the 
displacements of the side nodes 4, 5, and 6 would be related 
to the displacements of the c6rner nodes 1, ~ and 3, i.e. 
{r} = [E] {r} 
S · C 
and substituting into Eq. (5.10) we obtain 
where 
u = ½ tr [kl' {::} 
= [




The basic element stiffness equation is now 
= [kl{::} 
(5.11) 
( 5. 12) 
( 5. 13) 
and this can be further reduced by condensing out the cen-
troidal nodes •. Thus 




[k] = [ k + k E + ETk 
CC CS SC 
+ ETk E 
ss 
- (k . + ETk . ) k .. -l (k. + k. E) L 
Cl Sl ll lC lS 
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Because the in-plane displacements have a cubic variation 
and its derivatives have a quadratic variation the simplest 
connective matrix will utilise a similar· connective matrix. 
to that used for the plate bending element (derived in Appendix 
C) o The,. physical analogy,. for this relationship is still' a 
beam with a transverse displacement as used in Section 5'. l. 
An elastic/inelastic plane stress finite element formed 
by "integrating by parts" follows a similar pattern to that of 
the plate benc:ling element formed in Section 5.20 The strain 
energy of .a plane stress element is summed over the elastic/ 
inelastic finite element, i~e~ 
(5.15) 
where a is the stress at any point, sis the strain at any point 
and A1 ,_ A2 , · · • An are distinct areas within the finite element 
such that Al+ A2 + •••.+ A = A, the area of the element. n 
The evaluation of Eqo (5.15) yields 
( 5. 16) 
where { s} is the nodal strain vector and 




where [t] is a quadratic interpolation matrix and [CJ. the 
l 
constitutive matrix. Hence the stiffness matrix can be 
formed by summing the stiffness components in each subarea of 
the element" 
This elastic/inelastic finite eJ.ement would suffer a 
similar disadvantage to that of its plate bending counter-
part because the strain distribution over the element is 
constrained to a quadratic variation and this will stiffen 
the element" 
Pl\RT III: A COMPARISON OF THE THEORY WITH 
EXISTING EXPERIMENTAL RESULTS 
C H A P T E R 6 
RECTANGULAR AN) L-SHAPED SLABS TESTED BY ISLAM 
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This chaptet describes the analysis -and compari~on of two 
13 reinforced concrete slabs. which, wer~ tested by Islam at 
Manchester College of Science in, 1964 o Islam was making a 
comparative study of two upper bound methods of analysing 
yield-line patterns-in isotropically reinforced concrete slabsv· 
ioe. the virtual work method and the equilibrium method. 
The first section o.f this chapter describes Islam's- two 
slabs, which were rectangular and L-shaped. It also describes 
both th~ properties.of the· slabs that were given, and the 
properties. that had· to be assumedo The free end of the. 
rectangular slab behaves like a simply supported beam and the 
second section.of this chapter commences-with some analysesof 
this beam comparing the ef.fect on the loctd-deflection curve 
_of varying the momeht-curvature relatio:hship.which·defines 
the beam behavi0.ur o. All the analyses in this chapter employ 
elemertts that are.either totally cra~ked. or totally uncrackedo 
This is followed by an analysis of the rectangular slab1 for 
two load cases, using a moment-curvature relation9hip that 
takes an equi valent-displacetnent curvature and a rectangular-
bond stress distributiono 
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The L-shaped slab is analysed in the third section also 
using a moment-curvature relationship that takes an equiva-· 
lent-displacement curvature and a rectangular bond stress 
distribution. At the end of the chapter there is a summary 
of the principal results and conclusions which arose from 
these analyses. 
6.1 Slab Informatiqn 
The rectangular slab was considered first. Fig. 6.1 
shows the slab dimensions .and its support conditions (the 
single hatching represents simple support conditions and the 
remaining boundaries are free). Islam measured the trans-
verse displacement at the points A, B, and c. 
Two rectangular slabs were tested and they had identical 
properties except for the concrete cube strengths which were 
1980 lb./sq.in. and 2090 lb./sq.in. The material properties 
that Islam gave were: 
Reinforcement - ½ ii1o square welded wire ·mesh S. W. G. 19 
(annealed) 
Yield stress of the reinforcement 
Total depth of the slab 
= 34,520 lb./sq.in. 
= 0.75 in. 
Effective depth to the reinforcement= 0.54 in. 
Concrete cube strength = 1,980 lb./sq.in. 
( for s 1 ab B • 3 ) , and 2 O 9 O 1 b.; /sq • in • ( for s 1 ab B • 4 ) • · ' 
Furthermore, in his Appendix E Islam showed a represen-
tative load-deflection curve·of the reinforcement for each 
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Fig. 6. 1. Islam's Rectangular Slab 
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test. The ultimate force of the reinforcement which was used 
in slabs B.3 and B.4 was approximately 58.0 lbs (refer to 
Fig. 6.2) which corresponds to an ultimate stress of 
46,000 lb./sq.in. Unfortunately the unit of extension that 
was used has not been recorded. 
To obtain the moment-curvature' curves for this slab 
additional information was required. For the reinforcement 
two of the following variables were required; the two moduli 
(the stress-strain curve was very cl0.se to being bilinear) and 
also the yield and ultimate strains. Islam annealed a roll of 
the reinforcement in a furnaC:e. at 860°c for a period of three 
hours and then it was withdrawn from the furnace and allowed 
to cool in the atmosphere. Two such rolls were annealed, one 
of which was used for slabs B.3 and,B.4. The yield and 
ultimate forces for the unannealed and the two annealed rolls 
are listed in Table 6.1 so as to illustrate the variation in 
the two annealed samples. 
Yield Force (lbs) Ultimate Force (lbs) 
Not Annealed 76.7 83.0 
Annealed Roll· 1 55.0 76.0 
Annealed Roll 2 43.:5 · 58.0 























It was assumed that the unannealed reinforcement had a 
modulu.s of elasticity of 29.0 x 10 6 lb./sq.in. and hence the 
modulus of elasticity of the annealed reinforcement is 
defined as 
elasticity 
6 21.0 x 10 lb./sq.in. and the effective modulus of 
after yielding is 1.37 x 10 6 lb./sq.in. 
The crushing stress of the concrete was taken as 0.85 
times the average cube strength for the two tests, and hence 
f~ = 1,730 lb./sq.in. 
For the concrete stress-strain curve, the strain corres-
ponding-to the maximum concrete stress was taken as .002 and 
theultimate strain was taken as .0035. 
The values of the modulus of elasticity for the mortar 
78 
was determined by comparing balues found by Magura and 
assuming that the modulus of elasticity is proportional to the 
square root of the concrete crushing stress (as for rein-
f d t 75) orce concre e • Islam used a sand-cement ratio of 3.0 
and a water-cement ratio of 0.65. Magura used two different 
sand gradations .and some of his results that are closest to 
Islam's mix proportions are listed in Table 6.2 together with 
the modulus of elasticity that would be obtained if the 
crushing stress was 1730 lb./sq.ino From the results of this 
table the modulus of elasticity for Islam's rectangular slab 
was assumed to be 1.5 x 10 6 lb./sq.in. 
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E xl0 6 
E xl0 6 if 
Water/cement Sand/cement f I C 
Mix Noo C C f' 1730 
lb./in: 
= 
(wt, ratio)· (wt ratio) lb./in: C 
lb./in~ 
3 .575 2.75 5,270 2.50 1.43 
4 0 769 3.98 3,250 2 .12 · 1.55 
5 L00O 5.25 2,160 L86 1.67 
9 • 66 7 4.08 4,060 2.47 1.61 
Table 602 Properties of Mortar from Magura 
The· free end of the rectangular slab deforms like a 
simply supported beam and therefore, for a given loading on 
the slab~ the moment at the centre of the free edge is 
approximately known. From the load-deflection curves given 
by Islam cracking occurred at a total load of 580 lb which 
corresponds to a moment at the centre of the free edge of 
27.4 lboino/in. Applying this .moment to an uncracked section 
indicated that the ultimate tensile strain was .000178 which 
corresponds to a maximum tensile stress of 15.4% f'. 
C 
The L-shaped slab is shown in Fig. 6. 3; again ·the hatching 
represents a simple support condition and the remaining 
boundaries are free. Islam measured the transverse displace-














Fig. 6.3. Islam's L -Shaped Slab 
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The slab properties given by Islam were: 
Reinforcement 
Yield stress of the reinforcement 
Total depth 'of the slab 
= ½ ino square welded 
wire mesh S.WoGol9 
(not annealed) 
= 60,850 lbo/sq.ino 
= 075 ino 
Effective depth to the reinforcement·= .58 ino 
Concrete cube strength 
From the load-deflection curve for the reinforcement 
(reproduced· in Figo 604) the.ultimate' force of the reinforce-
ment was 83.1 lbs which corresponds to an ultimate stress of. 
66,500 lbo/sqoino Assuming that the modulus of elasticity for 
the mesh was 29o0 x 10 6 lbo/sqoin. the ultimate strain, taken 
from the load-deflection curve, was 000433, and therefore the 
effective modulus of elasticity after yielding was 2o2 x 10 6 
lbe/sq.ino 
The crushing stress of the concrete was taken as 0.85 
times ,the cube strength which corresponds to f' = 3,110 
C 
lbo/sq.ino For the concrete stress-.strain curve, the strain 
corresponding to the maximum concrete stress was taken as 
.002 and the ultimate strain was·.0035. The mortar was the 
same mixture as that for the rectangular slab described 
above, and from Table 6., 2 the, modulus of .elasticity of .. mortar 
corresponding to a crushing strength.of 3,110 lb./sq.in. is 













Fig. 6.4. Force -Displacement Relationship 
for the Reinforcement 
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From the load-deflection curves given by Islam, cracking 
occurred at a total load of 2,700 lb and, taking a simply 
supported strip at either of the free ends, this load 
corresponds to a cracking moment of 77.8 lb.in./in. Apply-
ing this moment to an uncracked section indicated that the 
ultimate tensile strain was 0000353,which corresponds to a 
maximum tensile stress. of 2208 % f I o 
C 
6.2 Analysis of Islam's Rectangular Slab Including a Variation 
of the Governing Moment-Curvature Relationships 
The first analyses were of a unit width simply supported 
beam whose properties correspond to a unit-width section taken 
from the free end of Islam's rectangular slab (Fig. 6.1). The 
dimensions and the element mesh for this simply supported 
beam are shown in Figo 6.5. 
The aim of these.analyses was to compare the resulting 
load-deflection curves of the mimpan section when diffe:r:ent 
moment-curvature relationships were takeno 
The theoretical regions of cracking and yielding are 
similar in all these analyses. Figo 606 shows the·theoretical 
regions of cracking and yielding for the.moment-curvature 
relationship that assumes an equivalent-displacement curvature 
and a rectangular bond stress distribution. This diagram 
shows the region which is theoretically predicted to crack 
and yield, and near the ultimate load, the yielded region 
uniform load 
11IIII111 
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Fig. 6.5. Dimensions and Mesh for the 
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is quite extensive and it is greater than that shown at the 
free end in ·the experimental slabs (refer Figo 607)0 
Fig. 608 shows the load-deflection curves for the mid-
span section.taking the moment-curvature relationships shown 
in·Figo 4.15. These relationships were formed by assuming 
a rectangular bond stress distribution and taking: 
a) the cur~ature at a cracked section; 
b) the equivalent-rotation curvature, and 
c) the equivalent-displacement curvatureo 
Also, shown in dotted lines, are the two experimental load-
deflection curves taken at the point A (refer Figo 601). The 
load-deflection relationship will not be a continuous curve 
and, because its variation is unknown, all points have been 
joined by straight lineso 
In the elastic, uncracked state the theoretical model is 
stiffer than the experimental model by a factor of 4 o'2 o This. 
implies that either the experimental slabs were. partially 
cracked at the time of testing, i.e~. due to sh~ink~ge stresses 
or through handling, or else the value of the modulus of 
elasticity assumed in the theor'.y is too high. The -former 
hypothesis appears to be a more dominant factor- because the 
experimental curves do not appear to have a significant step 
at cracking; instead there is a gradual transition,from- the 
uncracked to the cracked. stateo The theoretical cracked 
stiffness, however, corresponds reasonably well with the 


























































































assumed that the slab is initially uncracked then a theoret= 
ical modulus of elasticity of 0 0 36 x 106 lbo/sqcino must be 
used to obtain the experimental <lisp lacements e However, this 
value is much smaller than we would expect from a laboratory 
prepared mortar$ After the reinforcement has yielded a 
large discrepancy occurs because the theoretical curves 
postulate a much greater strength capacity for the slab than 
is indicated by the experimental curveso 
The two experimental load-deflection curves are similar 
until the cracking load is reached, and from here on the 
curves diverge although the ultimate loads are almost identicaL 
The large variation in the two curves would be due to variation 
in the material propertieso Possibly the steel was not con= 
sistently annealed, or the mortar at the midspan section could 
have spalled or been weak. Islam, unfortunately, does not 
comment upon this discrepancyQ However, he photographed the 
final crack patterns (these have been reproduced in Figo6 .. 7) 
and we see that the yield region pas\sing through the point 
A is narrower in the slab Bo4 than in the Slab Bo3o If the 
mortar was weaker in slab Bo3 then we would expect a large 
number of longitudinal cracks to forms Also, it is possible 
that slight spalling of the mortar occurred above the central 
This would reduce the stiffness of the 
central section; the reinforcement would be further strained 
and would yield sooner than expectedo 
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The relative'stiffnesses of the theoretical curves 
follow the relative stiffnesses of their moment-curvature 
curves, Leo the more flexible the moment-curvature relation-
ship the more flexible is the load-displacement curveo After 
cracking or yielding of the reinforcement there is. a large 
incre~se in deflection as the centre sections crack or yieldo 
The degradation of the stiffness does not increase at this 
rate, however, because the midspan displacement is more sen-
sitive to a decrease in stiffness at the midspan than to a 
similar decrease in stiffness between the midspan and the 
supporto 
Fig. 6.9 shows load-deflection curves for the midspan 
section taking the moment-curvature -relationships shown in 
Fig. 4.17. These relationships were formed assuming an 
equivalent-displacement curvature and taking: 
a) a triangular bond stress distribution, 
b) a rectangular bond stress distribution, and 
c) a sinusoidal bond stress distribution. 
The two experimental load-deflection curves for th~ point A 
have been included as a reference. 
The, comments made about Fig. 6.6 apply equally to this 
example. The theoretical curves in Fig. 609 do not vary 
much, especially when it is remembered that time effects and 
spailing of the concrete become very critical near the 
ultimate load thus causing the theoretical displacements near 



























































































stiffness of the theoretical curves again follow those of 
their moment-curvature relationshipso 
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Fig. 6010 shows load-deflection curves for the midspan 
section taking the moment-curvature relationships shown in 
Fig. 4ol8 which were formed assuming an equivalent-displace-
ment curvature and a rectangular bond stress and taking the 
cracking moment as: 
a) 17ol lbaino/ino, 
b) 27~4 lbeino/ino (which is the value taken in the 
previous examples), and 
c) 37"6 lb.inc/inc 
Again the two experimental load-deflection curves for the 
point A have been included as a referenceo 
It is seen that the variation.of the cracking moment has 
a significant effect on the load-deflection relationship, 
especially within the cracking to yielding regiono As 
ex.plained in Section 4a5 the cracking moment of 27o4 lb.in./inG 
corresponds to the apparent cracking moment of this slab and 
the cracking moments of 17ol lboino/ina and 37a6 lboin./in. 
represent two extreme values that could occur. 
Because the material properties produce an ultimate 
moment capacity of thesection,which is. too high the stress-
strain curve of the reinforcement was altered to produce an 
ultimate moment capacity of 5LO lb.in./in. which approx-
imately corresponds to .the ultimate moment capacity of the 


























































































Fig. 6.10. Load - Displacement Curves for 
the Beam 
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the yielded modulus of elasticity of the reinforcement to 
.30 x 10 6 lbe/sqoin. (the remaining properties are the same 
as in Section 6.1). Fig. 6011 shows the resulting load-· 
deflection curves· for the midspan section assuming a rec-
tangular bond stress distribution and taking: 
a) · the curvature at a. cracked se.ction,. and 
b) the equivalent-displacemmt.curvature. 
The theoretical curves are identical to those in Fig. 6 e.6 . up 
to the· 1oad at which the steel yields and therefore .some of 
the comments made for those curves will also. apply to these 
curves. Once cracking occurs the stiffness of the theoret-
ica:L curve that ·takes the ·curvature at a cracked section, 
decreases substantially, in fact, more ·than either of the two 
experimental curves~. The stiffness o:E the theoretical curve 
which takes the equivalent-displacement curvature agrees quite 
w~ll with the stiffer experimental curve except near the 
ultimate load where ·the experimental curve is more flexible. 
This is to be expected, however, because spalling of the 
concrete and time effects will make the experimental slabs 
more flexible. 
Using the moment-curvature relationship,shown in Fig. 
4.1~ -Islam's rectangular slab was analysed. for two.load cases;-
i.e. a uniformly distributed load of 122 lb./sq.fto and· 
another. of 167 lb~/sq.ft. The p~incipal purposes.of these 
two analyses· were: to compare,, the, load-deflection curves 
132 
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the Beam 
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with those of the simply supported beam (which can also be 
considered as a one-way slab) , to determine the effect of the 
boundary conditions, and to study the cracked and yielded 
regionso 
Fig" 6012 shows the basic mesh that was used in these 
analyses together with the slab support conditions" The 
method of analysis used elements that were either totally 
cracked or totally uncracked and hence the form of the mesh 
was altered slightly for each load caseo The mesh contains 
small elements. in the regions where high stresses are expect-
ed so that any changes of stiffness will be recorded as 
accurately as possibleo For this analysis the stiffness of 
each element was calculated manually at the end of each cycle 
which required quite a large amount of time and work for each 
analysiso 
Several effects which arose in this analysis are 
characteristic of the method and these are discussed below. 
When the structure is cracked it is idealised as an elastic 
structure comprised of elements each of which has two con-
stant flexural rigidities and occasionally, during redistri-
bution of the moments, stress concentrations can occuro For 
example, midspan cracking was initiated at the end 1-3 (refer 
Fig. 6012 for the nomenclature) and redistributed towards the 
end 2-5" If the redistribution was not complete then high 
stresses were obtained at those nodes which were about to 













this phenomenon was kept in mind and such elements were given 
a greater stiffness. If this ·stiffness was too large·. then 
it would be reduced in the next cycle and therefore this 
action is not detrimental to the final resulto 
Sometimes one node will havs a very.high stress.but 
nodes a short dis.tance away will have. considerably lower 
stresses" In such circumstances it is difficult to reproduce 
a similar effect within the surrounding elements although, 
fortunately, such stresses normally have a local influence 
only" This phenomenon occurred at point 4 where, at the 
uniform load of 167 lbo/sqofto, the maximum moments at the 
four nodes nearest point 4 was -7808, -45,6, -220~ and -1500 
(all the units being lboino/ino) o 
Another source of error occurs when the boundaries of a 
cracked element are altered to ensure that the element is 
totally cracked or that adjacent elements are,totally 
uncraqkedo When a cracked element's boundaries are changed 
the new region is forced to. become cracked in the same 
direction as the original element" However, theeffect of 
this approximation will in general be small and again, if it is 
not conservative then the ·region of cracking will propagate in 
the next-cycle" 
The crack patterns will now be considered because they 
help to explain the changes in the deflection profiles 
(which will be considered next)" After each analysis the· 
condition of anisotropy of each element is known, ioee the 
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the moduli of elasticity and the angles of cracking or 
yielding (if either exist) and these have been plotted using 
an IBM 1627 11 inch Calcomp graph plottero If an element is 
cracked then lines are drawn within the element to show the 
direction of the cracks, i.e. the spacing of the lines does 
~ represent the crack spacing" If, in a set of cracks, the 
reinforcement has yielded a darker and wider line is drawn 
and, if. the element has failed, (i.eo the theoretical moment 
is greater than the theoretical ultimate moment for the 
section) then a double dark and wide line is drawno Fig" 6.13 
shows the regions of cracking at the loading of 122 lbo/sq.ft. 
for both the bottom and the top surfaceso Near points 1 and 
3 the slab acts like a one...;way slab and the cracking on the 
bottom surface is parallel to the ldngitudinal sides. Near 
the opposite end, however, this crack band divides into two 
bands, one progressing towards the corner at point 2, and 
the other passing between points 4 and 50 Occasionally a 
stray set of cracks is seen. This is normally caused by high 
stresses at two nodes of an element indicating that the 
element is substantially cracked but adjacent elements are not. 
These elements reflect an inadequacy of the element mesh to 
accurately portray the moment variation and this can occur at 
different load cases and at different places within the mesh. 
However, the formation of extra nodes is not always possible 
due to limitations on·the number of elements that the computer 
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Fig. 6.13. Crack Patterns for Islam's Rectangular 






elements requires a lot of manual data manipulationo Often 
this discontinuous cracking is corrected as the loading in-
creases and hence, if the stresses dictated this phenomenon, 
these elements were normally allowed to cracko (This task, 
however, would be simplified if a video-display unit and a 
light pen were availableo) 
Another discontinuity sometimes occurred when the elements 
became doubly crackeda If an element cracks in one direction 
then the principal stresses redistribute and the second angle 
that the element could crack at changes alsoa From the elements 
that have cracked in two directions it would appear that the 
second angle at which they crack is not always as accurately 
depicted as the first angleo (This is a similar occurrence to 
the phenomenon already mentioned of high stresses being 
observed when redistribution was not completea) Most of the 
doubly cracked elements, however, have the semblance of 
following either the original crack direction or that of the 
divided regionso 
Two portions of the slab have cracks across whi~h the 
reinforcement has yielded, ioeo one region on the bottom 
surface and the ·other region on the top surfaceo On the 
bottom surface this yielded region appears to be at the 
point where the three. cracked regions meet, i~eo the point 
about which the three cracked regions are II folding" o For this, 
reason we would not expect this yielded region to expando On 
the top surface the element near point 4 has yielded due to 
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the very high hogging moment at, and close to, point 4. 
The cracked and yielded regions of the slab, when the 
load was 167 lbo/sqofto, are shown in Figo 60140 Comparing 
this pattern with that of the previous load case (Fig. 6.13) 
we see that the band of cracking on the bottom surface has 
widened" The region that had yielded has not altered but a 
new region of yielded reinforcement has developed along the 
longitudinal direction and it is at this region that the 
failure mechanism initiates" Adjacent to the continuous line 
of yielding the elements have yielded randomly" The reason 
for this is that these elements have either just yielded or 
are just about to yieldf and they have stiffnesses which are 
on either side of the yield stiffness 1 i.eo K- and K+ shown 
in Fig. 60150 In practice we would expect a structure to 
redistribute its siresses so that the yielded regions would 
be continuouso However, the effect upon the theoretical dis-
placements of having some element just yielded and others 
about to yield is minimal" 
The experimental crack pattern, reproduced in Figo 6.7, 
shows the cracks in which the reinforcement has a permanent 
set, ioe. the reinforcement has yieldedo The thebretical 
crack pattern shown in Fig. 6014, which occurred at approx-
imately 92% of the experimental failure load, is similar to 
the experimental crack pattern although the yielded regions 
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Fig. 6.14. Crack Patterns for Islam's Rectangu~r 









Fig. 6.15. Stiffnesses on either Side of the 
Yield Stiffness 
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The displacement profile~ along the line 1-3 are shown 
in Figs 6al6a and 6al6b together with the displacement 
profiles of the simply supported beam for the load cases 
122 lba/sq@ft and 167 lba/sqaft respectively (because the 
curves are symmetrical only half of the profile is shown). 
The curves are very similar though the simply supported beam 
is slightly more flexible. There are two possible reasons 
for this; firstly, the effect of the boundary conditions in 
Islam's rectangular slab has stiffened this section,. and 
secondly, the results of the simply supported beam, because 
it is comprised of more elements, would be more accurate and 
hence more flexible (refer Sec,tion 4. 1) o 
The displacement profiles (normalised to 1) have also 
been compared for the uncracked state, for a load of 
122 lb./sqaft, and for a load of 167 lb./sqaft~ Fig" 6al7a 
shows such a comparison for the displacement profile along 
the line l;...3 (cracking was symmetrical along this line so that 
only half of the profile is shown)" Because there is not a 
great difference in the profiles only the displacement-profile 
at the load 122 lb./sqoft is drawn" We see that the effect 
of cracking at the midspan section has caused the sides to 
deform as a rigid bodya As the region of cracking broadens, 
Leo at the load of 16 7 lb. /sq" ft the length of the slab 
which deforms as a rigid body becomes smaller and the dis-
placement profile moves back towards the uncracked displace-
ment profile" This is due to a large portion of the slab 
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being cracked and thus having an approximately constant 
stiffnessG 
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Fig" 6.17b shows the deflection profile (normalised to 
1) along the line 4-5 for the same load cases as above. 
(The maximum displacement on this line is approximately 50% 
of the maximum displacement on the line 1-30) Again there is 
not a great difference in the profiles and only the deflection 
profile at the load 122 lba/sqoft is drawn. For the portion 
4-8 there is very little difference in the profilesa The 
reason for this can be seen by referring to the crack 
patterns for this region (Figs 6013 and 6"14) o At the load 
122 lba/sqoft the portion 4-8 is almost completely cracked 
and at the load 167 lbo/sq"ft it is completely crackedo Hence, 
the stiffness along 4-8 is approximately constant for these 
three cases and therefore the deflection profiles do not vary 
mucho Because the portion 8-S·is not totally cracked the 
displacement profile varies moreo At the load 122 lb./sqoft 
the uncracked portion of the slab near point 5 has deformed 
as a rigid body. When the load was 167 lb./sqoft the region 
of cracking expanded and so a smaller portion of the slab 
deformed as a rigid body and the displacement profile moved 
towards the elastic profileo 
The corresponding displacement profiles (again normalised 
to 1) along th~_line 6-7 are shown in Fig. 60180 The displace-
ment profile for the load 167 lb./sqoft is very similar to 
the profile for the load 122 lba/sq.ft and hence it has not 
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been drawn" The elastic displacement dropped quickly from 
point 6 and then levelled outo The large elastic displace-
ment at point 6 would be due to the rotational freedom at 
the end 1-30 After the slab is cracked there is a folding 
action along most of the line 6-7 which tends to equalise 
the displacements along this line. Towards poiht 7 the effect 
of the support conditions between the points 2 and 5 is 
noticed" The cracked profile has a smoother transition than 
the uncracked profile due to rigid body movement near point 7 
and also due to cracking at point 40 The only significant 
development when the load was 167 lb./sq.ft was ·the reduced 
portion of the slab that moved as a rigid body near point 7 
(this is observed in the crack patterns by the expansion of 
the cracked region) a Hence, both the crack patterns and the 
deflection profiles indicate a folding of the three sides 
that are simply supported. However, the folding is not about 
a line but rather about a significantly broad cracked region. 
6.3 Analysis of Islam's L-Shaped Slab 
Islam's L-shaped slab, shown in Figo 6.3, was analysed 
assuming the material properties that were stated in Section 
6. la From these properties, moment-curvature relationships 
were developed and Fig" 6.19 shows the moment-curvature 
curve taking an equivalent-displacement curvature and assuming 
a rectangular bond stress distribution, together with the 
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Fig. 6.19. Moment-Curvature Curves for 
Islam's L - Shaped Slab 
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section (these curves are both normalised to 1) o The 
principal feature about these curves is the small difference 
between the cracking moment and the ultimate moment, ioeo 
78.9 lb.in./inc and 8906 lboino/in. respectivelyo This is 
caused by the high cracking strength which this slab possesses 
together with the low ultimate strain of the reinforcement 
which is 000433 (compared with the value of .01 which was 
assumed for the other analyses). 
The mesh used in this analysis is shown in Fig. 6.20. 
Because of symmetry we only need to consider one half of the 
structure and therefore the mesh that was used to analyse 
Islam's rectangular slab- (Figo 6012) was modified for this. 
analysiso 
An automatic procedure was used to determine the stiff-
nesses at the end of each cycle (this replaced the manual 
method which was used when Islam 1 s rectangular slab was 
analysed). For each element the moduli of elasticity and the 
angle.of cracking (if any cracking was present) were deter-
mined by averaging both the nodal moments and the angle at 
each node that the principal moment makes with the x axis. 
The moment axis of the moment~curvature relationship shown in 
Fig. 6.19 was divided into 100 equal intervals and the 
stiffness at each of these intervals was predetermined" 
Hence, the .moment-curvature curve was represented as a stepped 
relationship. (Thus other structures could be analysed 








































ultimate momento) In terms of the section-property diagram 
which was discussed in Section 4.2, we can describe the slab 
properties by a multi-linear section property diagram com-
prised of one hundred closed squares similar to those shown 
in Fig. 4.L 
At the end of each analysis the resulting element 
stiffnesses were punched onto cards; these were used for the 
next cycle of the ·analysis and for plotting the crack patterns. 
Using this method the operator still retained control over 
the results because, if desired, he could alter the output. 
This is necessary if two nodes of an element are cracked but 
the third node is not cracked; the automatic averaging 
procedure may consider the element to be .totally cracked 
whereas the operator may prefer to leave the element uncracked 
and change the element boundaries to coincide with the cracked 
region. This he can do by altering the appropriate cards. 
Another example occurred in this analysis for a few elements 
which had a high stress at one or two of their nodes and the 
automatic procedure considered the elecient to have failed 
(this was represented by giving the element a modulus of 
elasticity of loO lb./sq.ino). If this was considered to be 
too severe the element could be given a cracked stiffness 
and if it was too stiff the element would crack further on 
the next cycleo This phenomenon did not occur very often 
and almost all of the elements were cracked automatically. 
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The method of automatic redistribution normally took 
more cycles to reach equilibrium than when the manual method 
was usedo This is because, for those 'structures which have 
a large area behaving like a one-way slab, the redistribut-
ion in this area could be over-distributed for the first 
few cycle~o However, this procedure would not ba possible 
for many structureso 
Crack patterns have been plotted for four load cases: 
282 lbo/sq.ft which is the cracking load and is 78.3% of the 
theoretical ultimate ·1oad, 308 lb./sq.ft which is 85.6% of 
the theoretical ultimate load, and 334 lb./sq.ft which is 
92.7% of the theoretical ultimate load, and 360 lb./sq.ft 
which is just below the theoretical ultimate load. Fig. 6.21 
shows the crack pattern at the cracking load 282 lb./sq.ft. 
Because there is very little difference betweeh the cracking 
moment and the yielding moment (78.9 lb.in./in. and 
79.8 lb.in./in. respectively) some of the elements have 
yielded already. There was a similar effect to that observed 
in the analysis of Islam's rectangular slab (Fig. 6.14) in 
which the longitudinal line of yielding on the bottom surface 
was not continuous. The same reason applies in this case; 
namely that the elements along this line have stiffnesses 
that are either just below or just above the yield stiffness. 
A short distance away from the line of symmetry the cracks 
have broadened. On the top surface a very high stress 










Fig. 6. 21. Crack Patterns for Islam's L -Shaped 




two of the elements surrounding this point have failedo 
However, this high stress has not extended very far. 
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At the load 308 lbo/sqoft the cracked regions, shown in 
Fig. 6.22, broadenedo On the bottom surface the cracking on 
the line 1-3 became non-symmetrical and h~d a bias towards 
point lo Along the.line of symmetry the stresses were not as 
high as at points inside this line$ This is. a result of the 
corner support condition at point 4. Cracking has propagated 
along the line of symmetry towards point 2 which has become . 
doubly cracked as can be seen in the figure showing the top._ 
surface crackso The top surface cracks at point 4 have 
propagated though the failure zone at this point has remained 
stationaryo 
Figo 6023 shows the cracked regions at the.load 334 
lbo/sqoft 0 Again the cracking has broadened and two new 
features have arisen. The central cracked zone on the· bottom 
surface has started to propagate in a wide band towards point 
2 and cracking on the bottom surface has progressed to a point 
on the boundary on the line 3-40 On the top surface a crack 
has formed near point 4 which approximately bisects the angle 
that lines 4-2 and 3-1 make. 
Just below the theoretical ultimate load, at 360 lb./sq.ft 
the basic crack patterns (Fig" 6"24) have not changed very 
much apart from becoming broader. On the bottom surface the 
longitudinal cracked region di vi des .. into two paths, one 
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Fig. 6.24. Crack Patterns for Islam's L- Shaped 





region from the other half of the slab. There was also a 
tendency for a section near point 4 to fold away from the 
principal longitudinal portion along the line 3-4. This 
effect is a result of the high stress conditions and the 
cracking by point 4o Along the line of symmetry one element 
has been doubly cracked and this region is probably the point 
about which the longitudinal portion (along the line 1-2) has 
foldedo On the top surface the cracking has increased at 
point 2 and also near point 4. The failure region near point 
4 has not increased and the slab failure was by longitudinal 
folding (similar to Islam's rectangular slab, refer Section 
6. 2) 0 
The final crack patterns were photographed by Islam and 
they have been reproduced in Fig. 60250 The experimental 
cracks on the bottom surface vary considerably in width though 
there is a similarity between the experiment and the theory 
for the longitudinal crackso However, the theory has 
predicted a narrower band of cracks progressing towards point 
2" In the experimental slab there is a tendency (complete in 
one leg) for the longitudinal cracks to move towards the 
boundary near point 4 which also agrees with the theory. On 
the top surface the cracking near point 4 has not occurred 
along the line of symmetry but to either side of it. This 
again is the result of the support condition at point 4 im-
posing higher stresses to either side rather than along the 




Fig. 6.25. Experimental Crack Patterns 
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of th~ cracking which occurred in the theoretical crack 
patterns at the point 2. However, the· reinforcement at these 
cracks may not have had a permanent set in which case they 
could not be seeti in Fig. 6.25. 
Fig. 6.26 shows the experimental and theoretical load-
deflection curves·for points A and C (refer Fig. 6.3 for the 
nomenclature) which theoretically, due to symmetry, behave 
identically. We will consider first the experimental curves; 
the more·flexible curve was for point C, the other for point 
A. The displacement values are again joined by straight 
lines. Just prior to cracking the displacement at point C was 
almost four times as great as the displacement at point A.· 
We would expect one of the legs of the slab to crack and yield 
before the other leg due to the natural variability of 
concrete but normally we would not expect to encounter such a 
large variation as is shown in Fig. 6.22. To obtain such a 
variation we could justifiably assume that the leg containing 
point C was already cracked at the time of, or soon after, 
the commencement of testing. When the cracking load was 
reached this initial cracking expanded and cracking commenced 
in the other leg containing point A. After the initial 
cracking it would appear that the reinforcement yielded at 
point C, but not at point A, and failure occurred in the leg 
containing point C. Approaching the failure load the dis-
placement of point C is again almost four times the displace-
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state of the slabs (Figo 6v25) we see that the cracked and 
yielded regions are generally quite broad, the only exception 
being a small region on the bottom surface~ near point A~ 
where the central cracking merges into a single cracko It 
appears that the mortar properties may have caused excessive 
cracking at point C, and a deficit of cracking at point B 
(refer, also to Section 6.2); In another test on a similar 
mortar slabj again from Islam, the ratio of the displacement: at 
the point C to the displacement at the point A was less than2~1~ 
The theoretical curve is slightly more flexible than the 
curve for point A, the stiffer of the two experimental curveso 
At first cracking the theoretical curve almost doubled its 
uncracked deflection but with further increase of load there 
was very little increase in deflection and the curve returned, 
at a load of 290 lbo/sq.ft, to a point close to the displace= 
ment curve for point Ao At a loading of 334 lbo/sqoft the 
slab reached its ultimate moment capacity and theoretically 
failedo Because the ultimate strain of the reinforcement 
assumed in Section 601 was so low, Le. 000433, the 
analysis was continued using the same section properties 
but assuming that the reinforcement did not fail at this 
strain. The experimental slab failed at a load of 
362 lbo/sq.ft and the theoretical maximum tensile strain of 
the reinforcement at this load was .00543 which is approx= 
imately 25% greater than the assumed maximum tensile strain. 
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The load-displacement curve of point Bis shown in 
Fig. 6.27. We see that the first three displacement values 
are very small, i.e •• 001", 0004 11 , and .011 11 and it is 
possible that some error may have occurred when reading them. 
The theoretical curve, apart from being much more flexible 
up to the cracking load, has undergone a larger displacement 
at the cracking load than the experimental curve. Similar 
to the curves in Fig. 6026, however, the experimental and 
theoretical displacements are almost identical at a load of 
300 lb./sq.ft. As the load increases the displace~ent in 
the experimental slab becomes larger than the theoretical dis-
placement. This could be the result of two effectso The 
first effect is from the large displacements in the leg con-
taining the point C; these displacements increase rapidly for 
loads greater than the cracking load and we would expect this 
effect to be carried into the other leg for a certain distance. 
The other effect arose in the theory and is from a very high 
stress which occurred near the centre of the line of 
symmetry (i.e. along line 2-4) o The stresses at adjacent 
nodes were approximately 50% of this stress and therefore ,the 
effect of the high stress was nullifiedo However, in the 
experimental slab this stress may have initiated further 
cracking. (This would explain the greater region of cracking 
that was observed in the experimental slab along the line of 
symmetry.) 
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The displacement profile (normalised to 1) along line 
1-3 is shown in Fig. 6.28: for the uncracked state, at a load 
of 282 lbo/sqoft, and at a load of 334 lbo/sqoft. The curves 
are very similar so only the curve for the load 282 lb 0 /sq.ft 
has been drawn. In this slab cracking was not symmetrical 
on the line 1-3 although the displacements have·not been 
significantly altered" Upon cracking the uncracked portions 
of the sides moved as a rigid body though this portion was 
reduced with further cracking. 
Figo 6.29 shows the displacement profiles (normalised to 
1) for the line 2-4 for the above mentioned cas~s. Near 
poinl; 2 the displacement is almost zero for all the cases but 
this is to be expected because it was only at the ultimate 
load that substantial cracking occurred at this region (refer 
Fig. 6024). At point 4 the uncracked curve indicate~ a 
partial restraint but this is not seen after cracking. 
However, this was the point where the surrounding elements 
failed when cracking was initiated (refer Fig. 6.19) and 
hence the partial restraint was removed. This removal has 
h~d an additional effect on the cracked deflection profiles 
of moving the point of maximum displacement closer to point 4. 
The displacement profiles along the line 5-6 are shown 
in Fig. 6.30 for these three cases. These profiles are 
quite different for the uncracked and cracked states. The 
uncracked profile decreases quickly from its maximum value 
at the points and it reaches its minimum value before 
-v- uncracked 
-o- 2S2 lb./sq.ft 
-+- 334 lb./sq. ft 
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reaching the point 6. ( this is due to the effect of the corner 
support at point 4). When cracked we see the same phenomenon 
as was seen in Islam's rectangular slab (Section 6.2); namely 
a tendency for longitudinal folding which seeks to equalize 
the displacements along the line 5-6. However, due to the 
restraint imposed by the conditions of symmetry at line 2-4 
this equality is not attained. The minimum displacement-is 
now at point 6 because cracking has removed the effect of the 
support at point 4. 
Summarising this series of tests the principal points 
are: 
a) it was possible to obtain load-deflection curves for 
a variety of moment-curvature curves and hence the.effect of 
assuming different material relationships could be observedv 
b) the experimental slabs appeared to be influenced, to 
differing extents, by a slight spalling of the mortar in the 
compression region above the cracks. Thus, the· cracked 
sections would be. weakened even further and additional strains 
would be imposed upon the reinforcement. This would produce 
larger displacements than those predicted by the theory, and 
also the ultimate load would be reduced, 
c) the theoretical analyses predicted a greater strength 
for the slab (approx~mately 27% greater) and smaller dis-
placements, 
d) the theoretical cracked and yielded regions were 
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normally wider than in the experimental slab, 
e) the two experimental rectangular slabs were very 
dissimilar in their behaviour and the L-shaped slab did not 
behave symmet.ricallyQ 
C H A P T E R 7 
RECTANGULAR SLAB TESTED BY SHARPE 
This chapter describes the analysis of a rectangular 
14 reinforced concrete slab which was tested by Sharpe at 
171 
the University of Melbourne in 19660 Sharpe was comparing 
the elastic yield-line method of design with lower bound 
methodso 
The first section describe~ the slab and states the slab 
information that Sharpe gave and the sl:ab information that.had 
to be assumedo The second section contains an analysis of the 
slab using; 
a) the moment-curvature relationship that takes an 
equivalent-displacement curvature and a rectangular bond stress 
distribution, and 
b) the moment-curvature relationship that takes the 
curvature at a cracked sectiono 
This is followed by a third analysis which assumes an enhance-
ment in, the slab strength ,.due to partial distortion of the 
reinforcement (refer Section 4o3)o The above·analyses use 
elements that are either completely uncracked or completely 
crackedo 
The• third section describes two analyses of this slab 
which use the elastic/inelastic finite elements that were 
described in Sections Sol and 5o2o After this section there 
172 
is a summary of the principal results and conclusions which 
arose from this chaptero 
7ol Slab Information 
The rectangular slab is shown in Fig. 7ol; the single 
hatching represents simple support conditions and the cross-
hatching represents fixed support conditions" Sharpe 
measured.the·transverse displacement for this slab (which he 
labelled slab Bo2) at the points A and Bo 
The mate~ial properties that Sharpe gave·were: 
Reinforcement (top and bottom) 
3 II 
8 0 at 9 11 centres, in the long span 
and.in the short 3" span S ¢ at 8 11 cehtreso 
Yield stress of the reinforcement = 
Ultimate· stress of the reinforcement = 
Total depth of the slab = 
Effective depth to the top reinforcement -





2 0 56 ino 
Concrete cylinder strength = 5,450 lba,/sq.ino 
and the coefficient of variation was lL 5%, i. e o 
Additional information must be assumed to obtain the 
moment-curvature relationship. The modulus of elasticity of 
6 the- reinforcement was assumed to be 30o0 x 10 lb./sqoin. 
which defines ihe yield strain as .00137 and, taking the 
ultimate reinforcement strain as oOl, the effective modulus 
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Fig. 7. 1. Sharpe's Rectangular Slab 
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of elasticity afte~ yielding was 3.0 x 10 6 lb./sq.in. 
The modulus of elasticity for the concrete was calcul-
ated accG'rding to the formula given in the ACI Building 
75 Code. , Le. 
where E is the modulus of elasticity for the concrete, w is 
C· 
the weight of a cubic foot of concrete, and f' is the compress-
c 
ive strength of the concrete.• From this, formula the modulus 
of elasticity was calcula;t;:ed as 4.25 x 10 6 lb./sq.ine For 
the concrete stress-:-strain curve the strain corresponding to 
the maximum concrete stress .was taken as .002 and the ultimate 
strain was .0035. 
Sharpe notes that the cracking load was 480 lb./sq.ft, and 
from an· elastic analysis of the slab the maximum moment at this 
load was 570 lb.in./in. which corresponds to a maximum 
concrete tensile stress of 290 lb./sq.in. which is 5.3%f'. 
C 
7.2 Analysis of Sharpe's Rectangular Slab Including a 
Compari~on of the Effect of Allowing Partial Distortion 
of the Reinforcement.•. 
The analysis of , Sharpe's rectangular slab utilised the. 
mesh. shown in Fig. 7. 2 which has small elements •where the· 
yie.ld region.is expected to be and larger elements elsewhere. 
Because cracking was ,not as regular as for Islam's :slabs 


















































either totally cracked or totally uncracked. This does not 
appear to have had an adverse effect upon the results due 
to the phenomenon, mentioned previously in Section 6.2, of· 
the nodes of elements that are about to be cracked (i.e. when 
redistribution is not complete) having high stresses. Thus 
the tendency is more towards overcracking rather than under-
cracking u To change the el.ement mesh for each elastic 
analysis would be .a tedious job because the cracking boundary 
changes with each redistribution, also, great care would have 
to be made to ensure that the element shapes were acceptable 
(again, a video-display unit and a light pen would ea.se this 
task}. The most important feature is to ensure that the 
elements are small in the more sensitive regions wherein a 
change in stiffness would significantly affect the displace-
ment pattern, i.e. at the centre and at the fixed boundaries. 
The reinforcement {'~ at 8" centres is equivalent to 
.0138 sq.in./in. andthe reinforcement f1¢ at 9" centres is 
equivalent to .0122 sq.in./in. Because these two valu~s do 
not differ much and because the other details of the 
material properties are only approximately known it was 
3" 
assumed that the slab was isotropically reinforced with J ¢ 
at B½" centres, i.e •• 0130 sq.in./in. (The inclusion of 
orthotropic reinforcement would not be too difficult: the 
two· moment-curvature relationships in-the reinforcement 
directions would have to be known and hence the. moment 
across any section would be divided into the components acting 
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along the reinforcefuent. Therefore the flexural rigidities 
in the reinforcement directions could be determined as could 
the angle of cracking, i.e. corresponding to the principal 
strains, which'in general would not equal the angle of the 
principal stresses.) 
The first analysis of Sharpe 1 s slab used a moment-
curvature relationship which assumed a rectangular bond stress 
distribution and took the equivalent-displacement curvatureo 
Fig. 7 c 3 shows this moment-curvature relationship together.· 
with the relationship that takes the curvature at a cracked 
section (both of these curves have been normalised to 1}. 
It is seen that there is not a great difference between the 
two curves and this is due to the low maximum tensile stress, 
assumed for the concrete. 
The extent and directions of the cracked and yielded 
regions are shown in Figs 7"4 to 7.7 inclusive for the loads 
500, 840, 1,320, 1,620 and 1,870 lb./sq.ft respectively. 
Fig. 7o4 shows the cracked region when the load was 500 
lb./sq~ft, Le~ the slab had only just crackeo.. (This load 
is only 27.2% of the theoretical ultimateload.) The 
principal feature of this figure is the large area of the 
slab that has crackedo The principal crack directions are 
easily discernable although, as mentioned previously 
(Section 6.2), when a singly cracked element becomes cracked 
in:two directions the angle of the second set of cracks is 
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(this can be seen in both the elements near the centre of the 
slab and the elements on the built-in edge)o The bottom 
surface cracking commenced at the centre of the slab and 
progressed along the longitudinal direction for a short 
distance before branchinq towards a point which is approxim-
ately ten. inches from the corner support, i"e" point 1 (refer 
Fig" 7o2 for the numbering)o This seems to indicate that the 
"hinge" along the line 1-·3 would be between the line 1-3 and 
another line approximate)¥ten inches from the line 1-3. The 
top surface cracks formed along the rigid edge and curved 
towards the simply supported edieo Both sets of cracks 
follow the pattern that the yield line theory depicts and 
the only variance is in the width of the cracked region" 
There are, however, some additionallongitudinal cracks formed 
near the point 3 on the top surfaceo These have resulted 
from a transverse hogging moment acting along the rigid 
supporto 
The crack patterns at the load 840 lbo/sqaft, which is 
45a0% of the theoretical ultimate load, are shown in Figo 7o5. 
Cracking on the bottom surface covered approximately three 
quarters of the area" In the middle of this cracked region 
there is one ~ment which has not cracked (although it would 
have in a real slab) o Because all the surrounding elements 
have cracked the stresses within the element are not high 
enough to crack it and it is moving like a small rigid body" 










Fig. 7.5. Crack Patterns for Sharpe's Rectangular 
Slab- 840 lb./sq. ft 
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On the top surface the cracking has also expanded and some 
of the elements along the built-in edge have yielded. 
Fig. 706 shows the cracked regions at the load 1,320 
lba/sq.ft which is 70.7% of the theoretical ultimate loada 
The cracked regions have expanded and many elements have now 
yieldeda On the bottom surface the yielded region is quite 
broad. There is substantial yielding around the centre of 
the slab, ioea point 4, then the band progresses towards a 
point, approximately 10 inches from point 3, in a similar 
fashion to the initial cracking (shown in Fig. 7.4). On the 
top surface the band of yielding parallel to the rigid 
support has broadened and near the corner at point 1 this band 
curves towards the point where the bottom surface yield region 
meets the side 1-2 a Hence in the region of this 'point there is 
a warping moment caused by the opposite curvatures on the 
bottom and top surfaces. 
At a load of 1,620 Iba/sq.ft, 86a8% of the theoretical 
ultimate load, the yielded regions have again expanded (Fig" 
7.7). On the bottom surface there has been a slight increase 
in the cracked area though this cracked area was close to 
being fully cracked at the previous load. The region of 
yielding has broadened on both the bottom and the top surface. 
Along the fixed edge on the top surface some elements have 
failed (indicat~d by the double dark line) , Leo the theoret-
ical moment within these elements is greater than the 
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Fig. 708 shows the cracked regions at a load of 1,870 
lbo/sqoft which is just below the theoretical ultimate load. 
The yielded regions have expanded slightly compared with 
the previous load case. The principal feature of this 
figure is the failure of most of the elements along the 
built-in edge (on the top surface). Without this restraint 
the slab's carrying capacity is greatly reduced and failure is 
imminent. 
Sharpe only photograp-ied the final cracking on the bottom 
surface and this photograph has been reproduced in Fig. 7.9. 
To obtain his end fixity he clamped the end of the slab and 
th~ line of fixity can be seen by the lines drawn on the 
slabo The experimental slab has more longitudinal cracking 
than the theory although it appears that the longitudinal 
cracking has occurred at the reinforcement where the weaker 
sections would have influenced the crack pattern. The long-
itudinal cracking stopped short of the rigid support and con-
tinued again after the supporto Two of the cracked bands 
progressing towards the corners had one dominant crack going 
straight to the corner flanked by subsidiary cracks to 
either side; the other two cracked bands went to either side 
of the corner and it is impossible to tell whether or not 
the first crack progressed towards a point approximately 10 
inches from the corner as they did in t~theory (refer Figs 










Fig. 7.8. Crack Patterns for Sharpe's Rectangular 
Slab - 1,870 lb./sq.ft 
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Fig. 1. 9. Experimental Crack Patterns 
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Fig. 7.10 shows the load-deflection curves for points A 
and B (refer Fig. 7.1 for the nomenclature). Considering 
the experimental curves first, Sharpe records a distinct step 
when the cracking moment is reached (this was not observed in 
Islam's slabs which had a mesh reinforcement, refer Figs 6.6 
and 6.22). However, this step is to be expected considering 
the large region of the slab that cracked when the cracking 
load was reached (refer Fig. 7.4). The most notable feature 
about the experimental curves is the coincidence of the 
curves until a load which is 64% of the experimental ultimate 
load. Theoretically this is not feasible because point B has 
a large restraint caused by the built-in end a:nd the simply 
supported sides; Sharpe did not comment upon this anomaly" A 
possible explanation, apart from faulty instrumentation, is 
that Sharpe's test frame underwent a rigid body rotation, 
caused possibly by a support deflection. This rotation would 
increase the displacement of point Band also, to a lesser 
extent, the displacement of point A. Thus both the experimen-
tal load-displacement curves would overestimate·the true 
displacement~. 
The theoretical curve for point A shows that the theory 
has predicted a greater stiffness for the slab although the 
relative stiffnesses 'for the points are similar. The, ratio 
of the theoretical displacement to the experimental displace-
ment is shown for each load in Table 7.1 and, neglecting the 
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of the theoretical stiffness, i.~. if the theoretical modulus 
of elasticity was 3019 X 10 6 lbo/sqoino instead of 4.25 X 10 6 
lbo/sq.ino then the curves would be almost identical. From 
Eqo (7.1) the expected compressive strength of concrete which 
had a modulus of elasticity of 3ol9 x 10 6 is 3,080 lbo/sqoino 
which.is a reduction of 43% on the assumed experimental com:-
pressive strength of 5,450 lb./sq.in. This reduction is, 
however, much. greater than could be expected. 
Load lbo/sqoft Displacement Ratio 
500 .62 
840 0 72 




Table 7.1 The Ratio of the Theoretical to the 
Experimental Displacements 
Near the theoretical ultimate load (1,870 lb./sq.ft) the 
theoretical curve. stiffens slightly before failure" However, 
this would not occur in an actual structure because spalling 
and creep would cause a smoother transition in which the 
stiffness would be constantly degrading. 
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The experimental ultimate load is greater than the 
theoretical ultimate load but this is to be expected because 
the theory does not take into account membrane forces which 
would enhance the load capacity of the slabo In this case 
the experimental ultimate load is 10% higher than the 
theoretical ultimate loado 
Load lbo/sq.ft Displacement Ratio 
500 058 
840 060 




Table 702 The Theoretical Disp laceme'Q!: Ratio 
Points A and B 
of 
Table 7.2 shows the ratio of the theoretical displace-
ment of point B to the theoretical midpoint displacement and 
, , I. . 
this illustrates the effect that the cracking and yielding 
has upon the displacementso This effect is also seen in 
Fig. lo 10a and Fige lo 10b which show the displacement 
profiles (normalised to 1) along the longitudinal centreline 
(line 3-4) and the transverse centreline (line 2-4) respec-
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of 840 lbo/sqoft, and at a load of 1620 lbo/sqofto 
The displacement profile along the longitudinal centre-
line (Figo 7. 10a) is altered quite substantially when crackedo 
In this example cracking increases the displacement of points 
near the centre of the slab, i.e 0 those within the cracked 
region, and cracking at the built-in edge weakens this edge 
which now behaves like a partially restrained edgeo In 
between these two cracked regions the slab has deformed as a 
rigid body, ioeo the displacements are linearly relatedo As 
the load increases the yielded and cracked regions expand 
causing the fixed edge to become even less "fixed"., Also~ 
the portion of the slab which acts as a rigid body has 
decreased and is approximately 30% of the longitudinal 
centreline. Againj yielding has not been restricted to a 
small area which could be represented as a yield line because 
most of the slab has deformed elastically or inelastically 
and not as a rigid bodyo 
The displacement profile along the transverse centre= 
line (Figo 7o 10b) changed when cracking initiated at the 
centre of the slab and then it returned towards the elastic 
profileo At first cracking there has again been a tendency 
for part of the slab to deform as a rigid body but as crackm 
ing and yielding progressed towards the simply supported edges 
the deflection profile tended to follow the elastic profileo 
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Sharpe's slab was reanalysed using the moment-
curvature relationship tha:t took the curvature at a cracked 
section (refer Figo 7o3). The crack patterrafor this analysis 
are almost identical with those 'Shown in Figs. 7o4 to 7o7, 
the only difference being that at the lower loads the -cracked 
areas were greater, although not by any significant quantityo 
Load lb./sqoft Displacement Ratio 




1,820 0 85 
1,870 083 
Table 7 o 3 The Ratio of the Theoretical to the 
Experimental Displacements 
The theoretical and experimental load-displacement curves 
for points A and B, are' shown in Fig 0 7 ~ llo The curves for 
point A are closer together in this (¥agram and the ratios 
of the theoretical displacement-to the experimental dis~ 
placement, for the loads at which the theoretical displace-
ment are considered, are shown in Table 7o3o The ra-t;:io of 
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if the modulus of elasticity was 3a74 x 106 lb./sq.in., the 
curves would be similaro This value for the modulus of 
elastic::.i ty corresponds to a crushing strength for the rein~ 
forced concrete of 4,230 lb./sq-0in. which is a reduction pf 
22.2% on the 'experimen,tal crushing strength· of 5,450 lb./sq.in. 
However, this-variation is approximately double the 
coefficient of variati0n that was determined for this concrete · 
(refer Section 7.1). Comparing Tables 7.1 and, 7.3 we ·$ee that 
the two theoretical load-de.flection curves for point A are not 
similar which implies that the cracking and the· redistribution 
of stresses occurred in a slightly different se~uence. This 
is reasonable because. the two moment=curvature curves were 
not linearly related. 
Load lb./sq.ft Displacement Ratio 
500 .58 
840 0 6 0 ·. 
1,320 .62 
1,620 .63 
lf820 0 63 .. 
1,870 • 63 
Table· ,7. 4 The Theoretical Displaceme& Ratio of. 
Points A and B 
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Table 7.4 lists the ratios of the theoretical displace-
ments of points A and Band we see that these are almost 
identical with those in the previous analysis shown in Table 
7 o 2 o Similarly, the displacement profiles, for· the elastic,. 
cracked and yielded states have the same form as in Fig" 7. 4" 
60 
It was stated in Section 4"3 that both Wood and 
· · k' 61 1 d h h . ld . k Kwiecins i postu ate tat t e yie moment across a crac 
which is inclined at a non-zero angle to the reinforcement 
would be greater than ·the yield moment given by Johansen's 
square-yield criterion due to a partial distortion of the 
reinforcement across the crack" To test this theory Sharpe 8 s 
slab was reanalysed, again assuming that the reinforcement 
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m is the yield moment across the crack, n 
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From a series of tests Kwiecinski proposed a value of lal88 
2 
forµ and hence A = Oa589" Fig" 7al2 shows the variation 
of m /m within one quadrant and also includes Johansen°s n 




Fig. 7.12 Kwiecinskis and Johansen's 
Yield Criteria 
reinforcing~ 
Fig. 7 .13. Rei nf ore ing Bar Inclined at an 
Angle a to a Crack 
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in strength even at small angles, for example, the maximum 
increase when a= 45° is 1808% and when a= 10° the increase 
Figo 7ol3 shows a reinforcing bar inclined at an angle 
a to a cracko The forces acting on the bar and the possible 
distortion of the bar are also showno The distortion of the 
bar is caused by the force P which. is formed by the concrete 
being displaced in a direction normal to the cracko The 
amount of this deflection, assuming that the concrete does 
not crush, is d r 0 where dis the crack width and 0 the· 
I 
angle of distort~ono 
The amount of distortion will depend upon many factors 
, 
including: the crack width, the amount of crushing. of the· 
! 
' concrete when it is compressed against the reinforcing bar, 
the angle that the crack makes with the reinforcing bar, 
and the size of the reinforcing baro After the concrete 
cracks,the moment across the crack will become dependent 
upon the angle between the crack and the ~einforcement and 
, 
hence, to degrade the stiffness of such a section will require 
a moment that is greater than .that postulated by a square 
section property diagram (refer Section 4o2)o At the cracking 
load the cracks will be small and the force P will also be 
small but, as the load increases, the force will increase . 
until at the u1 timate load it will be· a maximumo Unfortunate-. 
ly Kwiecinski did not give a complete load-deflection curve 
for any of his tests but only specified the failure load and 
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therefore the behaviour prior to yielding is unknown. ONe 
analysis was made, however, assuming that after a section is 
cracked the moment to further degrade the stiffness would be 
calculated according to the KwiecLnski_ criterion O This 
represents the maximum effect that partial distortion of the 
reinforcement would have on the complete analysiso Hence this 
analysis would represent one bound to the true solution, and 
the prior analysis that ignored the effect of distortion 
would represent the other boundo The moment-curvature 
relationship is represented as 100 stepped values (refer 
Section 603) and therefore the section property diagram 
(discussed in Section 4o2) will consist. of 100 three dimen-
sional surfaces similar to the surface shown in Fig. 7.14 
(in this figure it has been assumed, for simplicity, that the 
negative moment is zero though this is not assumed in 
practice). Also shown, in dotted lines, is the surface which 
is independent of the angle of the reinforcement, ioe. 
Johansen's criterion. 
The crack patterns for this analysis are shown in Figs 
7.15 to 7.20 for the loads 500, 840, 1,320, 1,620, 1,820 and 
2,100 lbo/sqoft respectively" In general, the comments made 
earlier in this section with respect to the crack patterns 
for the analysis that assumed the Johansen square-yield 
criterion will be relevant to this analysis too. The principal 
interest, however, is to compare these two sets of crack 
patterns and, subsequently, the load-deflection curves. 
/ 
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Fig. 7o15 shows the cracked pattern when the slab has just 
cracked, at a load. of 500 lb./sq.ft which is 23.8% of the 
theoretical ultimate loado Comparison with Fig. 7.4 shows 
that there is very little difference between crack patterns. 
This is to be expected, however, because the additional 
strength of the simulated slab is not noticed until after the , 
slab is crackedo 
The crack pattern at the load 840 lb./sq.ft, which is 
40.0% of the theoretical ultimate load, .is shown in Figo 7.16 
and it does not vary much from its counterpart in Fig. 7.5. 
The additional strength of the simulated slab can be observed, 
however, by the smaller regions that have yielded on both the 
bottom and the top surfaces. 
Fig~ 7al7 shows the crack pattern at the' load 1,320 
lba/sq.ft, which is 62.9% of the·theoretical ultimate load" 
This crack pattern deviates markedly from its counterpart 
shown in Fig. 7" 6. As expected, the cracked regions are ·. 
approximately equivalent but the yielded regions are quite 
differento On the bottom surface, in Fig" 7.17, yielding 
has commenced at the centre of the. slab and also near the 
centre where the cracked region begins .to branch towards the 
opposite -corner" In Fig" 706, however, the bottom surface 
yielding has progressed along the diagonal yield region and 
it has met the opposite side. Similarly, the- yielding on 
the top surf/;l.ce has advanced more in Fig. 7.6·where yielding 
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Fig. 7.16. Crack . Patterns for Sharpe's Rectangular 










Fig. 7.17. Crack Patterns for Sharpe's Rectangular 
Slab - 1.320 lb.Isa. ft 
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There are equally significant differences in the crack 
patterns at the load 1,620 lbo/sq.ft which is 77o2% of the 
theoretical ultimate load. The simulated slab that·assumes 
the Kwiecinski yield criterion is .shown in Fig. 7.18 and 
the yielded regions are not as broad as those shown in Figo 
7. 7 which assumed the Johansen yield. criterion" Also, of 
importance to the structural behaviour, is the small number 
of elements that have failed on the top surface in Figo 7ol8 
compared with the substantially greater amount in Fig. 7.70 
Fig. 7al9 shows the crack pattern at the load 1,870 
lbo/sqoft which is 89ol% of the theoretical ultimate load. 
The corresponding pattern when the Johansen yield criterion 
was assumed is shown in Figo 708 and this pattern occurred 
just before this slab failedo Again the widths of the cracked 
regions are smaller in Figo 7.19 for both the bottom and the 
top surfaceso Also, the number of elements that have failed 
is greater in Fig. 708. 
The cracked region at the.load 2,100 lbo/sq.ft, which is 
just prior to failure, is shown in Fig. 7o20 and, as expected, 
this pattern is. very similar to the failure crack pattern in 
Fig" 7a8o 
The load-deflection curves for points A and Bare shown 
in Fig. 7o21 together with the theoretical curves which 
assume an equivalent-displacement curvature and the Johansen 
square-yield criterion (ioe~ from Fig. 7.10) o There is very 









Fig. 7.18. Crack Patterns for Sharpe's Rectangular 
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lbo/sq.ft which is reasonable because there was very little 
difference between the crack patterns for these loads. From 
here on, however, the curves diverge although the displace= 
ments at the ultimate loads ate almost identical which, again, 
arises from the equivalent crack patterns (Fig. 7. 8 and Fig. 
7.,20)., 
The ultimate load assuming "the Kwiecinski yield criterion 
is approximately 12% higher than when Johansen's yield 
criterion is used. This appears reasonable because, as stated 
previously, if the angle between the reinforcement and a crack 
is only 10° there is a strength enhancement of 9"0% and hencej 
allowing for kinking we c6uld expect an enhancement of approx= 
imately 12-15%. 
7.3 Analysis of Sharpe's Reciaggjdlar Slab Using 
E lasticLine lastic Finite E-lem§.Ut s 
Sharpe's rectangular slab was reanalysed using the two 
types of elastic/inelastic fihit~ elements described in Sectibhs 
5. l and 5~2~ i.e. the elastic/inelastic element formed by a 
beam analogy, and the elastic/inelastic element formed by 
0 integrating by parts", The formation of these elements took 
a substantial amount of computer time and it became apparent 
that if these elements were to be useful they would have to 
be capable of using a smaller mesh whilst having a similar 
accuracy to the method of analysis that used either totally 
cracked or totally uncracked elements,, Because the elements 
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can contain both cracked and unc:racked regions we do not have 
to have small elements ih the regions of high stress, and 
hence a simple~ regular tnesh can be used. Two element 
meshes were used 9 one containing 60 elements and the other 
144 elements (refer Fig. 7 ~22) r 
The method of analysis·was altered slightly and made 
semi=automatic, ioe. at the end of each cycle the operator 
had the option of continbing the analysis or stopping it. 
If the analysis was to be stopped then the operator had another 
option of whether he wanted punched output giving data oh the 
element properties. These facilities we:ce included so that 
the output data did not have to be punched at each cycle (there 
was quit:e a lot of data giving the dimensions and conditions 
of each subelement) 0 
The analysis used the material properties that were given 
in Section 7. 19 and the moment=curvature relationship which 
' 
took an equivalent~displ~cement curvature. The analyses 
predicted stiffer behaviour of the structures than did the 
former analyses which used either totally cracked or totally 
uncracked elements, and therefore only two load incrementsii 
500 lb./sq.ft and 840 lbo/sq.ft, were studied. We will.. 
consider the analyses which used the elastic/inelastic finite 
elements that were formed by a beam analogy (refer Section 
5. 1) first D At the load 500 16,,/sq"ft the crack patterns 
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Fig. 7. 23. Crack Patterns for Sharpe's Slab -




crack patterns using the 144 element mesh are shown in Fig. 
7o24o Botq of these figures show. substantially less crack= 
ing than was observed ir. the prior analysis (on a 196 element 
mesh - refer Fig. 7o2) which used' elements that were· either 
totally cracked or totally uricracketl (Figo 7q4). This can be. 
I 
partially explained by comparing the elastic displacements at 
• the centre of the slab for these three cases, io e. 
for the 196 element mesh, 0 = .01648 
for the 60 element mesh, 6 = 001600 
and for the 144 element mesh, 0 = .;01633., 
An approximate guide when analysing the same structure with 
different mesh configurations is that the greater the displace= 
ments, the greater are the surrounding stresses. Hence we 
would expect the proportions'6f cracking that have been 
observed, although, at a slightly larger load, we would expect 
the three cracking patterns to be equivalent. 
An interesting point which is observed in the crack 
patterns which were formed using elastic/inelastic elements 
is that the crack boundary has become less smobthly contihuous 
than in prior analyses which were formed using·e~emen1:s that 
I 
were either totally cracked or totally uncracked. This is 
I 
due to stress discontinuities ~hich arose from the existing 
crack pattern. 
The. crack patterns at the load 840 lb./sqoft. are shown 
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Fig. 7. 21.. Crack Patterns for Sharpe's Slab -








Fig. 7. 25. Crack Patterns for Sharpe's Slab-








Fig. 7. 26. Crack Patterns for Sharpe's Slab -







144 element mesh. As expected, the proportion of the slab 
area that was cracked i's similar to that of the prior analysis 9 
shown in Fig. 705. Some important features can be observed 
from these figures. Firstly, the elements at the centre of 
the slab that were doubly cracked have more consistent crack 
directions than those shown in Fig. 7.5. This is probably 
due to the different sequence in cracking; also:) the subelement 
crack angle is determined from.the subtriangle nodes, and the 
angles at these nodes would often be similar because the nodes 
can be closer together than can many of the fixed nodal points 
shown in the element mesh in Fig. 7.2. The other feature 
that can be seen in the crack patterns is the region of yield~ 
ing on the bottom surface which has not occurred at the centre 
of the slab but has occurred in between points 1 and 40 This 
region resulted from a highmorhent which formed from the crack 
patterns shown in Figs. 7.23 and 7o24~ The reason for this 
becomes obvious when the displacement profiles are studied 
and therefore a fuller discussion will be postponed until 
later. 
The cracking was not very regular; for example:i, the top 
surface cracking (Figo 7a25) shows an isolated cracked region 
whose angle of cracking ~s correct but the region is not 
connected to the main ~egion of cracking. Such isolated 
regions occurred from high localised stresses caused by both 
the sequence of cracking and the type of elements that were 
219 
formed after cracking. (If greater operator interaction 
had been provided these regiohs could have been eliminated 
and another cycle repeated to observe whether they reappeared 
or not.) 
Yielding on the top surface occurred along the built-in 
edge but it is not as extensive in Fig. 7.25 and 7.26 as it 
is in Fig. 7.5. Thereforej when the elastic/inelastic 
elements are used, the buiit-in edge will provide a greater 
restraint than in the analysis which used elements that were 
eithertotally cracked or·t6tally uncracked, though the effect 
of the large yield region on the bottom surface may make these 
simulated slabs more flexible. 
A study of the displacement profiles helps to clarify 
the behaviour of the elastic/inelastic elements. At the 
load 500 lb./sq.ft Fig. 7.27 shows displacement profiles 
along the line 2 = 4,, and Fig~ 7. 28 shows displacement profiles 
along the line 3 = 4. In both figures there are profiles taken 
from the 60 element mesh and the 144 element mesh; also, from 
the 196 element mesh there are two profiles showing the 
elastic displacement~ and the displacements at the load 
500 lb./sq.ft. We see immediately that the cracked profiles 
using the elastic/inelastic finite elements resemble the shape 
of the elastic profile very·ctosely and they are considerably 
stiffer than the cracked profile. We can~ however, expect 
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the slab that are crackedj differ considerably (Figse 7.23~ 
7.24, and 7.4). However~ the most significant feature is 
the resemblance of t~e profile using the elastic/inelastic 
finite elements to the elastic profile, especially within 
the central cracked region at point 4. The small deforma-
tions arising in this cracked region have produced low stresses 
in the region and correspondingly high stresses outside the 
cracked region., This effect has caused the yielded region 
to form on the bottom surface of the slab and it also prevented 
this region from extending to the centre of the slaba 
Figs& 7&29 and 7.30 show the displacement profiles 
along the lines 2 ~ 4 and 3 = 4 respectively at the load 840 
lb./sq.ft. Again the displacement profiles that were calcul-
ated using the elastic/inelastic elements are much stiffer 
than the displacement profiles that used elements which were 
either totally cracRed or totally uncracked. The central 
regions near point 4·are still very stiff showing that they 
are deforming almost like rigid bodies. This type of 
deformation is very similar·to that observed in the examples 
using the elastic/inelastic finite elements formed by 
"integrating by parts":1 which are described in Section 5~2. 
The deformation results from the elastic/inelastic stiffness 
matrix being formed with some of the off-diagonal coefficients 
being considerably larger than in the elastic stiffness matrix. 
This is a deficiency of the element formulation. (The cubic 
223 
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plate bending element is the simplest possible formulation 
and it is possible that a more accurate .elastic/inelastic 
finite element could be developed using a plate bending finite 
element which possessed a quartic or a quintic transverse 
displacement variationo) 
The above analyses were repeated using the elastic/ 
inelastic finite element formed by "inte~rating by parts". 
The crack patterns at the load 500 lb6/sqott. are shown in 
Fig. 7"31 for the 60 element meshi and in Figo 7o32 for the 
144 element mesho, Many ot' the comments made above for the 
elastic/inelastic finite elements which were formed by a beam 
analogy are also applicable here. For examplei the areas 
that are cracked are still governed by the displacement at 
point 4 which gives an indication of the stress intensity about 
that point. However~ cracking has been more extensive with 
this finite element:!> though it is not as extensive as in the 
analysis which. used elements that were totally cracked or 
totally uncracked (Figo 7o4)o 
The crack patterrn.s at the load 840 lb./sq.ft6 are shown 
in Fige 7.33 for the 60 element structure, and in Figo 7u34 
for the 144 element structure. Both ot these patterns show 
the yielded regions on the bottom surface which has been caused 
by the central elements moving like rigid bodies and imposing 
high stresses away from the centre, and low stresses at the 
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Fig. 7. 32. Crack Patterns for Sharpe's Slab -
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Fig. 7. 33. Crack Patterns for Sharpe's Slab -











Fig. 7.34. Crack Patterns for Sharpe's Slab -
840 lb./ sq.ft - 144 Element Mesh 
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in edge was quite different; the 60 element structure had a 
high transverse moment along this edge~ and the 144 element 
structure had a high lr•ngitudihal moment about this edge 
though its yield region was formed by a twisting moment at 
point 1G This high twisting moment probably resulted from 
the crack patterns at the load 500 lbo/sqoft. (Fig, 7a32). 
The initial cracking for· the 60 element structure was 
relatively complete in Fig. 7.31 and no stress discontinuities 
arose. However, the analysis of the 60 element structure 
showed the instability of these elements because on one 
cycle~ after a degradation in some of the element stiffnesses, 
the structure became stiffer. This was a result of high 
off-diagonal coefficients distorting the distribution of the 
stiffness coefficients, 
At the load 500 lbo/sqoft., the displacement profile along 
the line 2 - 4 is shown in Fig o 7 a 35 ~ and the displacement 
profile along the line 3 = 4 is shown in Fig. 7. 36. Again 
the elastic/inelastic element is too stiff though it is 
slightly more flexible than the elastic/inelastic elemeht 
formed by a beam analogy. This is the reverse of the 
results from the simply supported beam example described 
in Sections 5. l and 5o2. The present example~ however~ 
redistributes the stre~ses whereas the beam example did not, 
and this implies that the combination of stiffness and stress 
matrices for the elastic/inelastic finite element formed by 
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"integrating by parts" can represent the redistribution more 
accurately than can the finite element formed by a beam 
analogy., 
At the load 840 lb./sq.ft. the displacement profil~ 
along the line 2,-4 is shown in Fig. 7o37~ and the displace= 
ment profile along the line 3 = 4 is shown in Fig" 7,,38. The 
displacement profiles aie ~imilar although the profiles for 
the elastic/inelastic elements are still stiffer than those 
for the analysis whic.~h used elements that were either totally 
cracked or totally uncracked. The reason for the dis~lace= 
ment profiles being similar is due to the large proport~on 
of the slab which has cracked~ and also the region of yielding 
on the bottom surface has helped to increase the central 
displacements" This cracking» however 9 does not agree 
with the more reliable theoretical crack pattern shown in 
Fig. 7.5. The regions of cracking are similar to those 
from the elastic/inelastic finite element formed by a beam 
analogy but the displacemerit profile of the latter is 
considerably stiffer; again implying that finite elements 
formed by "integrating by parts" are more flexible., An 
important feature of both Figs. 7.37 and 7"38 is the 
increased flexibility of the 60 element structure near the 
centre of the slabo This phenomenon is yet another example 
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The behaviour of the elastic/inelastic finite elements 
is best understood from a comparison with an elastic finite 
element. Displacemer~s determined from an elastic plate 
bending stiffness matrix are normally calculated as the 
difference between two large numbers (this is the reason 
why plate bending problems are more lllQ,conditioned than 
plane st~ess problems), and this also applies to the 
elastic/inelastic elements. It would appear·that the 
inter=relationship s between the stiffness coefficients 
have been destroyed in the two elastic/inelastic formula-
tions that have been usedo However~ as mentioned previously~ 
ir may be possible to construct a more accurate elastic/ 
inelastic element: from a higher order element" 
Summarising this chapter the principal results and 
conclusions are as follows~ 
1) the simulated slab was stiffer than the experimental 
slab though the experimental results seem to indicate that 
either the instrumentation was faulty or else the test 
frame underwent a rigid body rotation; 
2) membrane forces may have enhanced the strength of 
the experimental slab (these forces were ignored in the 
simulated slab) because the experimental load was 10% 
higher than the theoretical ultimate load; 
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3) both the theoretical results and the experimental 
crack patterns at the failure load indicated that cracking 
I 
and yielding covered most of the slab area; 
4) the elastic/inelastic elements did not accurately 
depict the behaviour of an element that contains both 
cracked and uncracked regionse 
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CHAPTER 8 
CYLINDRICAL SHELL ROOF MODEL TESTED BY HEDGREN 
This chapter describes the analysis of a cylindrical 
shell roof model which was tested by Hedgren 15 at Princeton 
University in 1965. Hedgren was studying the analysis of 
translational shells and he tested the cylindrical shell model 
so that he could compare his theoretical. and experimental 
results o 
The first section of this chapter describes the 
cyl.indrical shell:;i and states the shell information that 
Hedgren gave and the shell information that had to be assumedo 
The second section begins with a description of the program 
that was used to analjse Hedgren 1 s shella This is followed 
by the results from the complete anal.ysis which are compared 
with both the experimental results~ and the results obtained 
by Riera and Billington6 who also made a complete analysis 
of Hedgren. 1 s shell (refer Section 4. 1). 
801 Shell Information 
The parabolic cylindrical shell (Figo 8. 1) was supported 
on end diaphragms and had free longitudinal edges. The rise 
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The properties of the mortar that Hedgren gave were: 
Mortar cylinder strength = 
Poisson's ratio for thG mortar = 
Modulus of elasticity for the 
the mortar (in flexure) 
Tensile strength of the mortar = 
4~390 lb./sq.in. 
0 145 
3.0 x 106 lb./sq.in. 
6 9 6 1 b • / sq • in. 
Hedgren determined the value for the modulus of 
elasticity from four simply supported beam specimenso The 
moduli of elasticity for Islam's mortar slabs were calculated 
from results found by Magura (refer Table 6.2), and from 
these results the modulus of elasticity for Hedgren 1 s 
mortar, ioe. corresponding to a compressive strength of 
4 9 390 lb./sq.ine~ is 2.4 x 106 lb./sq.in. which is approx= 
imately 17% lower than Hedgren 1 s valueo 
The drawings of the shell reinforcement have been 
reproduced in Fig. 8.2~ and the properties of the reinforce-
ment which Hedgren gave are shown in Table 8.1. The shell 
reinforcement was simplified for this analysis. Fig. 8.3 
is a reproduction of a photograph that shows the cracking 
after failure on the bottom and top surfaces of the shell. 
A comparison of the crack patterns shown in Fig. 803 and 
the reinforcement layout shown in Fig. 8~2 shows that almost 
all of the cracking was perpendicular to the reinforcement, 
and that there were six distinct regions of cracking (these 
are shown in Fig, 8.4). Therefore isotropic reinforcement 
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Fig .. 8.2 Shell Reinforcement 
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Fig. 8.4. Regions of Cracking in the Shell 
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was assumed within each of these six regions, and the 
quantity and position of this reinforcement was made identical 
to the quantity and position of the shell .reinforcement that 
was perpendicular to the respective band of cracks. From 
these six regions of cracking there arise eight different 
reinforcement patterns, and these are shown in Fig. 8.5J In 
the analysis every element was assigned a number which 
referred to one of these reinforcement patterns (refer Fig. 
8.6). 
Desig- Diameter Area a a 
2 y 2 ult 2 Gage nation in. ino lb./in. lb./in. 
18 3 00048 0.00181 361700 52~800 
16 4 0.,062 0.00302 31:)800 509000 
14 5 00080 0000503 36J400 51 ~ 700 
10 9 o. 135 0.0143 44:,500 609900 
--·-··-- ., _ ___,_ 
Table 8" 1 Model Reinforcement 15 
Most of the shell reinforcement consisted of ll:3 and lf4 
reinforcing bars (approximately\ scale) and we see from 
Table 8. 1 that the properties of these two bars a~e very 
similar. For this reason all the reinforcement was consid-
ered to have identical material properties, namely~ 
Yield stress of the reinforcement = 34 9 200 lb./sq.in. 
Ultimate stress of the reinforcement= 51,400 lb./sq.in. 
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Effective modulus of elasticity after 
yielding (determined by assuming that 
the ultimate reinforcen:3nt strain was 
247 
= 1 o 9 5 x 10 6 1 b" / sq o in o 
Along the longitudinal edges of the shell the thickness 
was increased~ over a 5 inch horizontal distance" according 
to the variation 
h ::: 0.5 + 
where h is the thickness and y 1 is the horizontal 
distanceo This variation is shown in Fig. 807 together with 
the position of the three outermost nodal points. Near the 
longitudinal edge each element has two nodes of one thickness 
and the third node a different thickness, and in the complete 
analysis each element thickness was determined from the 
average of its nodal thicknesses. 
8~2 Analys!.§ .of Hedgre~tlindrical Shell 
Hedgren 1 s cylindrical shell was analysed using a similar 
method of analysis to that used for the slab analyses (refer 
Section 4p6) though a few modifications were made, and these 
are discussed below. 
In the slab analyses the degradation in stiffness of 
any section was determined from the equivalent degradation 
of a moment-curvature relationship whose variation was 
retained within the computer as a stepped function comprised 
t : 0,5" 
edge thickening commences 
N1,N2,N3 designate the 
positions of the three 





IFig. 8. 7. Thickness Variation at the Longitudinal Edge 
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of 100 steps (refer Section 6.3)0 In a shell~ however~ the 
degradation in stiffness is determined from the equivalent 
degradation of the loa J~.moment~curvature relationship and it 
is not practical to retain an image of this relationship 
within. the computer because 40~000 words of core storage 
would be needed to depict the relationship to the same accuracy 
as that used for the slab moment=curvature relationship~ and 
no:i;mally this storage would not be available. In the 
analysis of Hedgren~s shell each element wcis analysed to 
determine its average nodal principal forces and principal 
momentsj and these forces were applied to an equivalent beam 
section whose properties corresponded to one of the eight 
reinforcement patterns shown in Fig 0 80 50. For a given 
load and moment~ the beam section was analysed and any 
degradation of stiffness was determined. 
The analysis of the equivalent beam section, referred 
to above~ utilizes a trial and error solution technique (refer 
Appendix B) 9 and because there are many possible force/moment 
combinations the concrete stress-strain curve was simplified 
because this in turn simplifies the trial and error solutiono 
Th~ load=moment=curvature relationships described in Appendix 
Bused a concrete stress~strain curve that had a parabblic and 
a linear variation (Fig. B.2)~ and this was simplified in the 
load~m~ment: ... 0 curyature :relationships. to a linear variation~ Le~ 
for E e 
C 
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where e t is the t;:ensile strain at which the, concrete will 
crack in flexure~ e is the concrete strain~ e is the u 
ultimate compressive s:rain of the concrete~ f is the 
C 
concrete stress~ and Ee is the modulus of elasticity for 
concrete,; 
In the complete analysis the strains at a section result 
from the combined action of an axial force and a bending 
,moment, though the finite element analysis assumed that the 
plate bending and the plane st~ess stiffnesses are not related, 
i.eo that a rotation at a point does not affect the in=plane 
displacements at that point~ etc, Hence~ when an element 
was cracked two reduction factors were determined~ one for 
the plate bending stiffness matrix and the other for the plane 
stress stiffness matrix. The reduction factor for the plate 
bending stiffness matrix was determined by tqe same method as 
in the slab analyses 1 i.e. by the curvature oegradation~ and 
for the cylindrical shell the curvature was taken at the 
cracked sections. (The equivalent=displacem~nt curvature was 
not used because the analyses of Islamus mortar models had 
been too stiff= refer Sections 602 and 6e3.) Figo 8o8a 
shows a cracked segment subjected to an axial tensile force~ 
No When determining the reduction factor for this segment 
two approximations were introduced; firstly the bending in 
the cracked segment caused by the axial force was ignored~ 
and secondlyj it was assumed that the concrete stress was 
N ..,._ _ 
N.,..,. __ _ 










Fig. 8.8. Cracked Segment Subjected to an 
Axial Force 
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constant and that the depth of the stress block varied 
parabolically from the cracked section to the two end 
sections (refer Fig. 808b). Hence, ·:the axial deformation 






E (t -y) .+ E. 
C S 
(8.4) 
where y = b 2 x 
2 and E = E ( a t + a + a b) and s s s sm s a a st' sm ~ a 
and a 
sb are the steel areas in the top, middle, and bottom 
layers respectively. Solving Eq. (8.4) and r~arranging it 
to obtain the force for a unit displacement we get 
where m = 
bE 
0 
1 m+ 1 
-log -





If the section is uncracked then~ for a unit displacement 
Nz = E t + E (8.6) C s 
and the reduction factor is given by the ratio N1/N2 • 
pessimistic case is when the crack height b = *t 4 ' and 
substituting this Value into Eqs. (8.5) and (8.6) for the 
A 
\ inch sh~ll we oBtain a ~eduction factor of 0.633. Because 
this fact9r 1oes not vary significantly as the crack height 
changes any element whose plane stress stiffness had to be 
reduced was reduced by the factor of 0.633. 
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Free edged cylindrical shells are very flexible 
structures and an attempt was made in the complete analysis 
to consider the effect of large deformations. With large 
deformations there are two sources of non-linearity; 
a) the strain-displacement equations contain noh-linear 
terms, e.g. those introduced by a rotation of the element, and 
b) the equilibrium equations and boundary conditions 
should be formulated in the deformed geometry. 
The inclusioµ'of the first source of geometric non~ 
linearity requires the formation of additional stiffness 
t . 19 ,4 7, 79 d . l d d · h 1 · f ma rices an was not inc u e int e ana ysis o 
Hedgren 8 s shell. The second source of geometric non-
linearity, however, can easily be taken into account. In 
each cycle the nodal displacements were automatically punched 
onto cards and the nodal dimensions were calculated at each 
cycle as the sum of the original dimensions and the displace-
ments calculated from the previous ~ycle. 
One further ~odtfication was made to the program. 
Initially when an element failed it was given a modulus of 
elasticity qf 1.0 lb./sqoin., but this was changed to give 
the modulus of elasticity that would result if the limiting 
concrete and reinforcement strains were 1 g nored. 
reason for making this change is described belowo 
The 
At a 
load which was approximately 45% of the experimental failure 
load some elements contained reinforcement that had reached 
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its theoretical ultimate strain of .01 o Because the 
,elements were a1i doubly reinforced, and some had an 
additional layer of reinforcing in the middle of the section, 
it was decided that a modulus of elasticity of l.0 lbo/sq.ino 
would be unduly pessimistic. More important, however, 
because a shell qad a considerable capability of redistrib-
uting its stresses the probability is that, as the section 
is degrading in i:itiffness, the stresses will redistribute 
and thus relieve the stresses on the degrading element. Hence, 
failure of the element could be prevented. Due to the low 
effective modulus of elasticity of the reinforcement after 
it has yielded this procedure formed moduli of elasticity 
that varied apprqximately from 1/10 to 1/100 of the elastic 
modulus of elasticity depending on how large the stresses 
were at the section .. 
The crack patterns, load-displacement curves, and dis= 
placement profiles· from the experimental and theoretical 
results will now be considered. Hedgren recorded the 
cracks that could be obs~rved with the naked eye for four load 
cases, and they are shown in Fig. 8.9. He also made some 
comments on the sequence of cracking which will be briefly 
summarised below., Because the shell was loaded by a vacuum 
Hedgren could not see the cracking on the bottom surface of 
the shell and his deductions on the bottom surface cracking 
have b~en made from his strain readings. Initial cracking 
255 
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240 lb./sq.ft 300 lb./sq.ft 
Fig. 8.9. Experimental Crack Patterns 
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occurred at a load of 37o5 lb./sqofto and they formed on the 
bottom surface and at the longitudinal edgeso Flexural 
cracking formed on the ~op surface, at the centre of the 
shell, at a load of approximately 60 lbo/sqofto All these 
cracks, ·however, could not be seen with the naked eye. At 
a load of 120 lbo/sqofta cracking was observed at the shell 
corners (refer Figo 8.9). This cracking had increased 
when the load was 180 lb./sqaft. ,and cracking and yielding 
of the reinforcehi.ent at 'the crown of the shell became apparent 
at a load of 240 lbo/sqoft. When the load was 300 lbo/sqofto 
the corner and crown cracks propagated but did not meeto · At 
failure, 330 lbo/sq.fto these two crack bands had become one 
and 9 in conjunction with the bottom longitudinal cracks 9 a 
failure mechanism formeda The photographs of the final 
crack patterns are shown; in Figo 8030 
Hedgren rec6rded flexural cracking at the crown of the 
shell at a load of approximately 60 lbo/sqoft. and from the 
experimental strain readings he calculated that the bending 
moment at the crown was ~24 lb.in/ino and the axial fore~ 
was -20 lboino/ino (i.e. a compressive force)o 
I 
The author 
analysed these results and determined that the theoretical 
value of the cracking strain was 0.000184, and therefore the 
theoretical maximum' concrete ten site stress was 890 lbo / sq o in. 9 
which is approximately 27% greater than the value of 696 
lb.,/ sq o in., that Hedgren determined from testing beam specimens 
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(refer Section 8ol)e I~ the analysis the maximum concrete 
tensile stress of 696 lb./sq.in. was used because it was 
calculated by a more accurate and reliable methodo 
The theoretical crack patterns of the shell roof are 
given be low. When these patterns were plotted it was · 
assumed that the shell was unfolded and therefore the width 
of these diagrams c6r~esponds to the arc length of the shell. 
The equivalent unfolded shell mesh is shown in Fig. 8010. 
The theoretical crack patterns at the load 120 lb./sqoft. 
are shown in Fig. 8.11. On the top surface the initi~l 
cracking formed at the crown and was caused by a high 
transverse bending moment. Elements on the crown were also 
subjected to la~ge longitudinal compressive forces and s~all 
transverse compressive forces. The initial crown cracking 
was longitudinal but near the diaphragm the cracks have curved 
towards the corner of the shell at point 4 (refer Fig,. 8. 10 
for the numbering) because of a high twisting stress that 
was encountered in this region. Another region of cracking 
occurred on the top surface near point 4, and this was caused 
by a principal moment formed from both a longitudinal and 
twisting momenta Counteracting this cracking is a compress= 
ive stress of approximately 300 lba/sqoino 
Hedgren recbrded 'ihe visible top surface cracking at 
this load (Fig. 809)~ and it consisted of cracking at the 
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Fig. 8.11. Crack Patterns for Hedgren's Cylindrh..:,~ 
Shell - 120 lb./sq.ft 
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the reinforcement at these cracks had not yielded and there-
fore they would probably not be visible& 
On the bottom sur:tace there are two regions of cracking. 
The first regidn occur:ted along the intersection of the shell 
and the diaphragm :1 and has been caused by the outward <lisp 1-, 
a cement of the diaphragm& This movement can be seen in the 
displacement profile of the longitudinal centre-line (Fig. 
8025)0 The crackinp by the free longitudinal edge, ioe. 
line 3 ~" 4, is comprised of two linear cracked regions. · The 
region nearest the free edge shows transverse cracking which 
was caused predominantly by high tensile f orceso The second 
row of cracking had crack angles that were inclined at 
approximately 50°-60° to the free edgeo The reason for the 
inclined cracking can be seen in Fig. 8. 12a which shows 6 
nodal points near the free edge~ both the angle that the 
cracks at each nodal point would make with the free longitud= 
inal edge$) and the average angle for each element:;, are shown. 
Because the cracks are formed predominantly by high tensile 
forces and because they are propagating into the shell away 
from the free edge, the average angle of these cracks was 
changed to equal the average of the two angles closest to 
the free edge. These new average element crack angles are 
shown in Fig. 8012b. Towards point 4 the twisting stresses 
have an increasing influence~ and the angle that the cracks 
make with the longitudinal edge decreases. No cracking 
nodal angles~ 
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Fig. 8 .12. Angle of the Principal Forces Near Line 3-4 N 
0, .... 
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occurred near point 3 even though the tensile force is highest 
in this region.. This is because the principal force has 
been formed by'a combination of the tensile and shear force 
resultants (though the crack angles were changed to make 
them into tensile cracks)~ and at the centre of the longitud= 
inal span the shear force resultant was zero ,and the principal. 
forces were not large enough for cracks to formo The 
reinforcement at some of these cracks has yielded (this is 
indicated in the crack patterns by a darker line)~ though the 
yielding is not con~lnuous due to some elements being more 
highly stressed than their adjacent element. Thus~ the 
element stiffnesses would be on either side of the yield 
stiffness (shown for a one-dimensional case in Figo 6.5). 
This non-continuous cracking occurred quite often and there= 
fore it is studi~d briefly belowo The shell element config-
uration, shown in Fig~ 8.10, utilizes elements that are 
parallel to both' the free edge and the diaphragm edge, and 
near the centre 'of the longitudinal span the forces and 
moments decrease trartsversely. Therefore~ the stresses in 
an element are often governed by the stresses at the two 
longitudinal nddes, ~hd thus adjacent elements can be quite 
differently stressedo This problem was alleviate~ to some 
extent with the elements close to the longitudinal edge 
because they were given different thicknesses (refer Section 
However, the method of deriving the different 
element thicknesses was only approximate, and in places may 
263 
cause the ele~ents·td be over-stressed. At ·the lo6gitudinal 
edge th~ axiat forces are predominant, and, considering an 
element where N1, ~z» and N3 are the three nodal forces and 
t 1 , t 2 , and t 3 are the true thicknesses at these nodes~ then 
the average element straiB is 
Also, if the element is given an average thickness of t 
then. the average element strain is 
1 
eav = 3 (Nl+ Nz- + N3) /t. 
Equating Eqs. 8~7 ·and 8.8 we obiain 
t = 
We can consider two limi_ts on the average thickness$ firstly$) 
if the three forces are approxima"1=ely_ equivalent then 
1 t = 3(t 1 + t 2 + t 3) which is the value used in the analysis. 
The second limit occurs if two of the forces are approximately 
equivalent and they are substantially greater than ~he third 
force, in which case t = ~(t1 + t 2). The second limit is 
more predominant n~ar point 3~ and because the average of 
l 
the three thicknesses was taken in the analysis higher stresses 
Thdugh it was not done in this analysis it would be 
possible to determine the element 1 s thickness by substituting 
into Eq. (8.9) at eac~ cycle. 
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Two elements on the bottom surface have been doubly 
cracked~ and the second set of cracks corresponds to the 
longitudinal cracking which can be observed in Hedgren°s 
shell (Fig. 803)0 The cracks shown in Figo 8. 11 are not 
longitudinal due to the influence of the in-plane shear 
stresses~ though Hedgren notes that the location of the 
bottom longitudinal cracks in the experiment were determined 
by the position of the bottom longitudinal reinforcement, 
and hence the reinforcement probably enforced the cracks to 
be longitudinal rather than inclinedo 
At this load there was no theoretical cracking in the 
diaphragm. 
The theoretical crack patterns at the load 150 lb~/sqaft. 
are shown in Fig. 8. 13. On the top surface there has been 
further longitudinal cracking at the crown of the shell~ and 
again the effect of the nodal configuration has produced 
triangular 'cracking rather than continuous cracking. (No 
attempt was made in the analysis to change the element 
configurationo) The new cracks curved toward point 4 due 
to the increasirig ~ffect of the in-plane shear stresses both 
as the diaphragm and the free longitudinal edge were approached. 
The top surface cracking at point 4 has also increased, 
though the reinforcement at these cracks has still not yielded. 
On the bottom surface the transverse cracking has 











Fig. 8.13. Crack Patterns for Hedgren's Cylindrk:--1 
Shell - 1 50 lb. /sq. ft 
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been doubly cracked due to the presence of high in-plane 
shear stresses. These cracks are an extension of the cracks 
above them, mahy of which are shown by double dark lines, 
iie• their reinforcement has reached its theoretical 
ultimate strain. As explained in the beginning of this 
section these elements were given a stiffness that was calcu~, 
lated as if the reinforcement had no ultimate strain. There-, 
fore the double dat'k line shown in Fig. 8. 13 signifies that 
the reinforcement has undergone a large strain but the section 
has not failed. Failure of the simulated structure is 
now defined by the formation of a failure mechanism or by 
excessively large displacements. The elements that are 
doubly cracked are cracked in a longitudinal direction near 
the line 1-3 because the in-plane shear stresses are zero at 
this lineo However~ furtheraway from this line the crack 
angles become increasingly inclined due to the increasing 
in-plane shear stresses. The cracking in the shell at 
the diaphragm junction, line 2~4i has now met the region of 
cracking along the free longitudinal edge. 
There was no cracking in the diaphragm at this load. 
The t:11.eoretical crack patterns at the load 180 lb./sq.ft. 
are shown in Fig. '8. 14. On the top surface the cracking 
at the crown has become more continuous and the new crack 
directions curve markedly towards the corner at point 4. 












Fig. 8.14. Crack · Patterns for Hedgren's Cylindrical 
Shell - 180 lb./sq. ft 
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although it has not progressed very far into the shell. 
The reason for this is that there were very high longitudinal 
and in-plane shear stresses near the longitudinal edge but, 
moving into the shell, these stresses rapidly decreased. 
On the bottom surface of the shell the cracking that is 
next to the diaphragm has not alterede Parallel to the free 
longitudinal edge the cracking has increased, and again the 
region near the centre of the longitudinal span has not 
cracked. As before, this is because the absence of in-plane 
stresses at the midspan means that the principal stresses are 
higher at points closer to the diaphragm. This phenomenon can 
also be observed in the failure crack patterns of the cylind-
rical shell, shown in Fig. 8.3. These cracks have been 
formed by bending and twisting moments because the region 
contains a high longitudinal compressive force and a smaller 
transverse compressive forceo 
In the diaphragm vertical cracks have formed near the 
crown of the shell. These cracks were formed by both high 
bending moments and tensile forces which would result from 
the outward arching of the diaphragm. 
Comparing the theoretical top surface cracking with that 
observed by Hedgren (Figo 809) we see that the theoretical 
corner cracking, at point 4, has still not yielded, and 
presumably would not be visible. 
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The theoretical crack patterns at the load 210 lb./sq.ft 
are shown in Fig. 8. 150 On the top surface the cracking 
at the crown has extendjd down towards the corner at point 
4, and some of the elements on the crown and near the centre 
have yielded. Along the crown there is a small transverse 
compressive force, and the longitudinal force is also a small 
compressive force except near the diaphragm where it is a 
small tensile force. The longitudinal compressive force 
has been reducing as the cracking at the crown increased. 
Fig. 8. 16 shows the longitudinal force distribution (normalised 
to 1) at the centre of the longitudinal span, i.e. along line 
1 -· 3; for the uncracked state, at a load of 160 lh./sq.ft. :J 
and at the present load of 210 lbo/sqoft •. Hedgren did not 
record such small forces at the crown though his strain 
readings may have been affected by the cracking at the crowno 
Fig. 8. 16 illustrates the differing methods that the shell 
adapts to carry the load; with the onset of cracking the 
length of the lever arm$ joining the centroids of the tensile 
and compressive regions, decreases, and thus the load-carrying 
capacity of the shell is reduced. This~ however~ is offset 
to some degree by the contraction of the shell cross-section 
which makes the shell deeper. 80 Bouma also records a 
decrease of the longitudtnal compressive force, though like 
Hedgren, he does riot obtain a tensile stress at the crown. 
The cracking at point 4 has not altered because the high 











Fig. 8 .15. Crack Patterns for Hedgren's Cylindrical 
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into the shelli away from point 4. 
On the bottom surfacej cracking has increased slightly 
due to high in-plane stresses, which have even caused one 
of the elements at the free longitudinal edge to yield. An 
element at the crown of the shell and next to the diaphragm~ 
i.eo at point 2~ has been doubly cracked~ and this is because 
higher stresses have formed in this region as a result of the 
cracking in the diaphragm. 
At the present load of 210 lb./sq.ft. additional cracking 
occurred in the diaghragm~ approximately at the third points 9 
and again near the shell-diaphragm connection. Again~ this 
cracking resulted from large tension forces combined with 
bending which resulted from the outward arching of the 
diaphragm. 
The theoretical crack patterns at the load 240 lh 0 /sq.ft 
are shown in Fig. 8. 17. On the top surface the yielding 
along the crown has increased~ though the cracking in this 
region has remained constant. Two separate regions of 
yielding cah be observed, and this is due to the change in 
the reinforcement~ which is lower in the region near the 
diaphragm (refer Figs. 8.5 and 8.6). In an actual shell we 
would expect these regions to merge into oneo The cracking 
at the bottom corner has also remained constant. A new 
region of cracking has occurred on the top surface as a 










Fig. 8 .17. Crack Patterns for Hedgren 's Cylindrical 
Shell- 240 lb. /sq.ft 
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210 lb./sqoft the element at the crown of the shell and next 
to the diaphragm became doubly cracked due 1 predominantly, 
to a high tensile force combined with a positive bending 
moment. The new cracking? however, has been formed 
predominantly by a high negative bending moment~ and hence 
the two cracked regions are on opposite surfaces of the shello 
Comparing the theoretical top surface cracking with that 
observed in the experiment (Fig. 8. 9) we note that the theoret,~ 
ical corner cracking has still not yielded. In the experiment 
the corner cracking has increased in width~ though, similar 
to the theoryi it has not progressed very far into the shella 
Longitudinal cracking along the crown was also observed in 
the experiment though not as much as was recorded in the 
theory. 
On the bottom surface the only additional. cracking 
occurred in one element at the centre of the longitudinal 
span, and in two elements at point 4. At the shell= 
diaphragm juhction an element us reinforcement has yielded~ 
and this was due to the high stresses produced by the cracks 
in the.diaphragm" Parallel to the free longitudinal edge 
the reinforcement in some of the elements near point 4 has 
reached its theoretical ultimate straino Al so~ some of 
the reinforcement across the transverse cracks near point 3 
has either yielded or reached its theoretical ultimate strain. 
In the diaphragm cracking and yielding and theoretical 
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failure of the reinforcement continued in cracked regions 
which, at this loatl, covered the central area near the shell 
junction. 
The theoretical crack patterns at the load 270 lb./sq.ft 
are shown in Fig. 8. 18. On the top surface the two cracked 
regions on the crown in which the reinforcement had yielded 
have expanded, though they are still separated. Three 
elements contain reinforcement that has reached its theoretical 
ultimate straino It would appear that this "failure" has 
been a result of a high localised stress caused, possibly~ 
because the element on the crown which had its reinforcement 
at the theoretical ultimate strain at the present load, was 
uncracked at the previous load. This high stress has also 
causecl one of the elements to become doubly cracked. Howeverj 
at subsequent loads the stresses in this region decreased 
substantially. At the bottom corner, point 4, the cracked 
region has e~panded along the free longitudinal edge and the 
reinforcement in two of these elements has yielded. This 
additional ·cracking resulted from high twisting stresses 
close to the fiee longitudinal edge. Cracking at the shell-
diaphragm junction has also increased due to the equivalent 
proportion of the diaphragm having cracked. However 9 this 
diaphragm cracking did not propagate into the shell very far. 
On the bottom surface the cracking has increased and it 










Fig. 8.18. Crack Patterns for Hedgren's Cylindrical 
Shell - 270 lb. /sq.ft 
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the interior of the shell has had its reinforcement yielded 
due to high in=plane shear stresses in this regiono The 
most impoftant feature 0f the cracking is the large reglon 
of elements alon~ the free longitudinal edge, and near point 
3, in which the concrete has reached its theoretical ultimate 
tensile straino On considerationj howeveri it was decided 
that this theoretical cracking ~as too pessimistic. At 
point 3 the axiaL tensile force was 2,526 lb./in. and at the 
next node~ approximately 3 inc~es away~ the tensile force was 
463 lb./in.i i.e. 18.4% of the force at point 3. This 
reduction in tensile force can also be seen in Fig. 8.16 
which sho~s the distribution of the longitudinal axial force 
across the shello In Section ~.1 the reinforcement in the 
elements at the longitudinal e~ge was calculated as the sum 
of the reinforcement divided by the width of the elemento 
If, however, we consider the first% inch at the longitudinal 
edge~ the reinforcement (refer Fig. 8.2) is 
a = • 0178 sq o in. /in • st 
a sm • 0286 sq. in.'/in • 
a sb -~ • 0178 sq e in. /in • 
which is approximately double the reinforcement assumed in 
' 
the analysis. ~ence~ it is possible that some splitting 
of the concrete occurred at the free longitudinal edge but 9 
due to the rapid decrease in the longitudinal tensile force, 
thissplitting action wou~d not propagate very far from the 
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edge of the shello Hence, the reduction factor, for 
reducing the elastic modulus for the plane stress stiffness 
matrix, was retained at 00633, ioeo it was assumed that this 
region qid not fail~ though the crack patterns are shown 
with this failure region included. This example illustr-
ates an inadequacy of the shell nodal mesh that was used in 
this an~lysis (refer Fig~ 8. 10). The mesh used the smallest 
elements at the crown of the shell whereas a better mesh would 
utilize the smallest elements at the free lqngitudinal edge. 
Cracking in the diaphragm had now extended into the 
corner, near point 4~ and the only uncracked regidn was at 
the bottom of the diaphragm underneath the crowne 
The theoretical crack patterns at the load 300 lb./sq 0 ft 
are shoWh in Fig. 8 0 19., On the top surface some rriore 
elements on the crown have had their reinforcement reach 
either the yield strain or the theoretical. ultimate straino 
On the Whole~ however 9 the crack patterns do not vary much 
from th~ previous load case. 
Cofnparing the theoretical top surface cracking with that 
of the ~kperimeht (Fig. 8.9) we see that the cracking at the 
crown is very similar though the experiment still shows more 
visible cracking at the corner, i.e. at point 4e 
On the bOttom surface more elements failed, and this was 
due to high tensile stresses at point 3, and high in~plane 










Fig. 8.19. Crack Patterns for Hedgren's Cylindrical 
Shell - 300 lb./sq.ft 
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casej the stresses were not high enough to cause such wide= 
spread failure of the concrete and the ref ore the in=p lane 
reduction factor was not reduced. If, however, failure 
was by flexure then the bending reduction factor was auto= 
matically reducedo There was substantial cracking which was 
longitudinally inclined near point 3, and then it curved 
towards point 2 at the top of the diaphragmo 
Cracking in the diaphragm had not extended very far at 
this load 9 though the stiffness of some of the sections had 
been further reducedo 
The theoretical crack patterns at the load 330 lb./sqoft 
are shown in Figo 8.20e On the top surface~ elements along 
the crown have had their reinforcement reach its theoretical 
ultimate straih~ and with this reduction in stiffness the 
shell would soon fail. The crack patterns shown in Fig. 8.20 
represent the state of the simulated shell after six cycles 
of redistribution 9 but it is possible that if more cycles 
were executed then further cracking would occuro The regions 
of cracking near point 4~ and at the shell~diaphragm junction, 
have remained constant. 
On the bottom surface there has been increased cracking 
near point 2. The cracking is isolated from the main crack= 
ing, and this is a result of high stresses forming at the 
bottom of the region, ioeo closest to the free longitudonal 










Fig. 8.20. Crack Patterns for Hedgren's Cylindrical 
Shell - 330 lb. /sq.ft 
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were not high enough to produce cracking within the intermed= 
iate regiono The cracking that is equivalent to Hedgren 8 s 
longitudinal cracking has developed further. It is difficult 
to distinguish this region of cracking in Fig. 8.20 because 
of the large ·number of transverse double lines, and also the 
"longitudinal" crack angles vary substantially from element 
to element. This latter difficulty is partially due to 
these cracks being formed after the transverse cracking, and, 
as explained in Section 6~2, the angle of the second angle 
of cracking is not as accurate as the first angle because 
localised stresses form during redistribut:ion of the stresses. 
This causes the adjacent element stiffnesses to be lower than 
they should be ii and hence subsequ·ent stresses are affected by 
these low stiffness regions. Greater yielding and failure 
in this "longitudinal" crack region, combined with the 
longitudinal failure region at the crown, forms the collapse 
mechanismo 
Tlie variation of the normal displacement at point 3· 
with the applied load is shown in Figo 8.21. Four curves 
are shown and they represent; the experimental results (from 
two. points oh either side of the shell cross-section), the 
theoretical results, and the theoretical results obtained 
by R:.iera and Billington6 • Up to a load of 180·1bo/sq.ft 
the experimental slab was more flexible than the simulated 
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Billington 8 s simulated structure. At the next load 
incrementJ i.e. 210 lb./sq.ft~ one side the experimental 
shell has becbme stiffer than the other side. From here on 
Hedgren could not measure the normal displacement because his 
dial gauges had reached their full extent. In their report 
Riera and Billington did not give any additional values, and 
therefore only the values for the simulated structure are 
shown. We see that there is not a rapid degradation in the 
structure; this represents a basic difference from the 
behaviour of the slabs (Figs. 6.8i 6.26, and 7. 10) which, 
once a mechanism is formed, had very little reserve strength. 
This 1is to be expected~ however~ due to the greater capability 
of a shell to redistribute its stressess At the load 330 
lb./sq'.ft Hedgren stated that the shell was failing by creep 
and that the free longitudinal edges came to rest on the 
braced plywood frame which was used .to enclose the model when 
it was loaded. The theoretical displacement at the load 
330 lb./sq.ft was 1.78 inches, which represents a vertical 
displacement of 1.51 inches 11 i.e. the edge was 1.,24 inches 
above the ground levelo 
The variation of the normal displacement at point 1 with 
the applied lo~d is shown in Fig. 8.22. There are three 
curves shown in the figure, one from the experiment, one 
from the simulated structurei and the other from Riera and 
Billington 1 s simulated structure. The two theoretical curves 
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are similar until a load of 210 l.bo/sqeft but at the next 
load increment 9 240 lbo/sq.ft~ the simulated structure 
becomes stiffer" Aga1..n 9 Riera and Bill.ington 6 s results are 
not known after this load 0 Until a load of 180 lbo/sq.ft 
the theoretical structures were approximately 50% more 
flexible than the experimento This increase is accentuated 
in the next two load increments but then the curves become 
approximately parallel until a load of 300\lb./sq.ft is 
reached., No experimental displacement is given at a load 
of 330 lb.,/sq.ft 'because of the creep failure. The reasons 
for the divergence of these two curves are discussed below~ 
because a similar occurrence is observed in the displacement 
profile along the transverse centreline,, 
Fig. 8.23 shows the:displacement profile (normalised to 
1) along the transverse centreline. This figure shows the 
vertical displacement plotted from a horizontal base line; 
the actual deformed shape of the shell cross=section is shown 
in the following figure. Fig. 8"23 shows three theoretical 
displacement profiles; in the uncracked state 9 at a load of 
210 lb.,/sq.ft, and at a load of 330 lb,,-/sq.ft. Also shown 
are the experimental values for the uncracked state, and at 
a load of 210 lb./sqoft. The values near the load of 
330 lb./sqoft are not shown because the displacements near 
the free edge were not known. We will consider the 
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the displacement at the crown of the shell has increased 
markedly, and als62> near the free edge~ the profile has 
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deflected inwardso Both of these changes from theelastic 
prpfile have been caused by both the longitudinal cracking 
at the crown and the cracking parallel to the free longitud= 
-
inal edgeo At the load .. of 330 lbo/sq.ft these two phenomena 
have increased, and they represent the failure mechanism, 
i.e. a longitudinal yield line forms at both of these posit= 
ionso The experimental values for the uncracked profile 
correspond approximately to the theoretical profileo At a 
load of 210 lb./sq.ft~ however, the experimental displace= 
ment profile is similar to the theoretical displacement 
profile at a load of 330 lb./sq.ft for the downward displace= 
ments2> i.e. near the free edgeo At the crownj however, the 
experimental displacemerlt profile gives displacements which 
are approximately 50% less than the corresponding theoretical 
<lisp lacements. The experimental and theoretical load= 
displacement curves at the free edge, i.e. point 3~ were 
very similar (Fig. 8.21) 11 and hence we can assume that the 
longitudinal cracking in the experimental shell produced a 
lower transverse stiffness than in 'the theoryo This could 
have been a result of the weaker sections imposed by the 
longitudinal reinforcement (refer to the discussion of the 
crack patterns in Fig~ Boll). A lower transverse stiffness 
near the free edge would alter the deformed shape of the 
transverse profile, and would cause the experimental displace-
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ments at the crown of the shell to be smaller than the 
corresponding theoretical displacementso 
The shell profileE" along the transverse centreline is 
shown in Fig .. 8024 for~ the unloaded state~ at a load of 
210 lbo/sq.ft~ and at a load of 330 lb./sq.ft. The deformed 
shapes show that there 'is a substantial horizontal, as well 
as vertical~ movement of most nodes. To determine the effect 
of accounting for large displacements one additional cycle 
was executed, at the load of 330 lbo/sq.ft~ using the initial~ 
unloaded,, structural geometcyo The results from this cycle 
showed that the simulated structure became more flexible. 
For example, the vertical displacement at the centre of the 
free longitudinal edge increased from 1.51 inches to 1.97 
inches, i.e. an increase of 30%. At the crown~ however, 
the vertical displ.acement decreased slightly~ from ,.56 inches 
to 055 inches~ ioe. a decrease of 2%Q Some of the stresses 
resulting from the mor~ flexible structure were substantially 
increased~ sometimes by 100% or moreo Hence~ the in corp~ 
oration of a large :displacement analysis is necessary to 
obtain accurate results. 
Displacement profiles ·(normalised to 1) along the 
longitudinal centreline are shown in Fig •. 8. 25 for the three 
cases~ in the uncracked state~ at a load of 210 lb./sq.ft,, 
and at a load of 330 lbJsq.ft. In the uncracked state the 
displacement is a maximum at the crown and it decreases as 
the diaphragm is approachedo The diaphragm enforces a rigid 
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connect ion with the she 11, and thus large curvature chan,ge s 
result at this junction. The displacement at the base of 
the diaphragm is considerably larger than the crown 
<lisp lacement. At the load of 210 lb./sq.ft, the shell-
diaphragm connection has cracked and this cracking relieves 
the restraint in this region: thus the profile along the 
crown has become flatter, and also the diaphragm has not 
displaced outwards 'as far. At the load of 330 lb./sq.ft 
cracking had increased and the fixity at the shell-diaphragm 
junction has decreased, and the aforementioned resuits have 
been accentuated. 
&ummarising the analysis of Hedgren 1 s shell, the 
principal points are: 
a) although many approximations were introduced the 
overall theoretical behaviour was very similar to the 
experimental behaviour; 
b) the theoretical edge displacements were similar to 
the experime~tal value, though the theoretical crown 
' 
displacements were large, and sometimes double the experi-
mental crown, dtsp la cements, 
c) in the' experiments the position of the reinforcement 
affected the cracking in the shell, 
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d) the shell geometry should be changed to coincide 
with its defonned shape~ i.e. the effect of large displace= 
ments should be taken into account otherwise large stresses 
and erroneous deflections result. 
\ 
CONCLUSIONS AND SUGGESTIONS FOR 
FURTHER STUDY 
I. The finite element method. 
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1. The finite element method will normally provide an 
accurate analysis of structures. Possible sources 
of error in the displacement method of finite element 
analysis can arise from the following: 
a) an incorrect mesh idealization, 
b) very large stress or geometric discontinuities, 
c) violation of the conditions imposed within the 
Rayleigh-Ritz method, and 
d) 'loss of precision in the computer solution. 
II. The complete analysis of two-dimensional structures. 
1. It is possible to construct theoretical load= 
moment-curvature relationships which can take into 
account most of the actual properties of reinforced 
concrete including 1 the bond stress distribution 
between two cracks, and the method of determining 
an "average" curvature for a cracked segment. 
2. A complete analysis for reinforced concrete slabs 
and shells can be developed, and it can incorporate 
changes both in the cross-section properties and in 
the method of determining the load-moment-curvature 
relationship. 
3 0 The method gives a realistic, phenomenological 
approach to the complete analysis for reinforced 
concrete slabs and shells. 
295 
4. For anisotropic finite elements an approximation 
can be introduced to determine the shear modulus 
from both the two moduli of elasticity and the two 
Poisson's ratios, and therefore the material 
constants for any element can be automatically 
determined if both the initial isotropic modulus of 
elasticity and Poisson's ratio are known. 
5. It is possible to form finite elements which contain 
both cracked and ~ncrackeq regions. Two such 
formulations are proposed and, for plate bending 
elements, tested. 
6. Some of the effects of geometrical non=linearity 
can easily be taken into account by changing the 
shape of the structure at each cycle. 
III. A comparison of the theory with existing experimental 
results. 
1. The method of analysis that uses elements which 
are either totally cracked or totally uncracked 
gives better results than the method of analysis 
that uses elastic/inelastic elements, i.e. elements 
that contain both cracked and uncracked regions. 
2. When the method of analysis that uses elements 
which are either totally cracked or totally 
uncracked is used greater care has to be taken in 
selecting an element mesh than if the method of 
analysis that uses elastic/inelastic elements is 
used. 
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3. Operator interaction is d~sirable between cycles 
in the analysis so that, if necessaryj his or her 
engineering knowledge can be used to alter the 
output data. 
4. Pictorial crack patterns, displacement profiles, 
and load-displacement curves are normally sufficient 
to obtain a knowledge of a structure 0 s behaviour. 
5. When elements that are singly cracked become doubly 
cracked then the second angle of cracking is normally 
not as accurately represented as the first angle. 
6. The theoretical load-displacement curves logically 
reflect the load=inonient=curvature relationships that 
they are based upon. 
7. Displacement profiles show/· that after cracking has 
commenced the uncracked regions displace like rigid 
bodies. Also, the regions that are almost totally 
cracked have an approximately constant stiffness and 
their displacement profile is similar to the 
uncracked displacement p~ofile. 
8. It is possible t6 account for the additional 
load-enhancement that partial distortion of the 
reinforcement may cause. 
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9o The method of analysis is not very accurate close 
to the ultimate load because spalling and creep are 
not taken into acqount. 
lOQ. The results of apalyses predict failure due to 
folding mechanism simllar to those predicted by the 
yield-line method with the exception that the 
theoretical yield-lines have a substantial width. 
11. Failure about a narrow yield region is not desirable 
because spalling of the concrete in the compression 
zone above the cracks is more likely to occur, and 
this causes the structure to become more flexible 
and it also reduces the.ultimate load that.the 
structure can support. 
12. The theory appears to give acceptable results for 
both slabs and shells though further comparisons 
with experimental results are desirable. 
13. There is a great variance shown in some of the 
experimental results which became apparent when a 
test was repeated, when results should have been 
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symmetricalj and when some of the results were not 
very credible. 
14. As the cost of computer time decreases and larger 
computers become available the method would be of 
assistance to designers. 
IV. Suggestions for further research. 
1. For the theory, more research would be useful in the 
following areas: 
a) the construction of 4 shell finite element whose 
plane-stress and plate-bending stiffnesses are 
interrelated:! 
b) the construction of higher order plate bending 
finite elements that contain both cracked and 
uncracked regions, and 
c) for slabsj the theory could be extended to 
include both. tensile and membrane forces. 
2. More research would be useful with the present 
program in the following areas: 
a) on symmetrical structures assuming that the 
symmetrical portions have different stiffnesses~ 
b) for different structures the theory could be 
compared with the yield=line method of analysis~ 
and 
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c) to decrease the time of computation:., principally 
by investigating the possibility of using an 
iterative method, and to expand the program as 
additional computer facilities become available. 
3. Experimental research that would be useful includes 
the following: 
a) additional information upon the tensile strength 
of reinforced c'oncrete slabs and shells in flexure, 
including the effect of the position and size of 
the reinforcement for both bars and mesh, 
b) sensitivity studies~ iee. statistical variation 
on repetitive tests:;, the effects of using different 
types of reinforcing~ and a comparison of scale 
effects between models and their prototypes 9 
c) any slab or shell loaded to failure and with 




This appendix contains a summary of the.plane stress 
and plate bending stiffness matrix derivations which were 
developed by Felippa and Carr at Berkeley8 '· 9· ;l 9 
The first section describes the triangular coordinate 
system which is used in many element derivations and this 
is followed by a section describing the development of 
interpolation functions. The final sections describe the 
plane stress and plate bending derivations. 
A.l Triangular Coordinate System 
We saw in Section 3.2 that the initial plate bending 
triangular elements used a simplified displacement shape 
which was dependent upon the orientation of their rectang-
ular coordinate system. When two sides of a triangle are 
parallel to the x and y axes respectively some of the 
terms of the interpolation vector are linearly dependent 
and a stiffness matrix cannot be formed. This problem can 
be circumvented by defining the displacement shape as a 
function of a "triangular" coordinate system which is 
independent of the position and orientation of the rectang-
ular coordinate system (the triangular coordinate system is 
also termed a "natural" coordinate system47 and an "area" 
coordinate system28 . 
A. 2 
Fig. A.la illustrates a triangle 1-2-3 described by a 
rectangular coordinate system and Fig. A.lb shows the same 
triangle described by the. triangular coordinate system. 
Other dimensions that are used within this appendix are 
shown, for side 3, in Fig~ A.2. 
The coordinates of a point P(s 1 ,s 2 ,s 3 ) in the triang-










where the areas A1 , A2 and A3 are formed by joining the 
point P to the corners of the triangle and the subscript of 
each area is defined by the opposite corner node number. 
The total area of the triangle is A, therefore 
= 1. (A. 2) 
The- relations between the two coordinate systems are, 
1 1 1 1 sl 
X = xl x2 X3 s2 {A. 3) 
y Y1 Y2 Y3 s3 
and 
s1 2A23 bl al t s2 1 2A31 b2 = 2A a2 
ly s3 2Al2 b3 a3 
{A. 4) 
A 3 
3 ( 0,0,1) 
PCx,y) 
+ r--'---=-..::.._--~ 2( 0.1.0) 
1(1,0,0) a3 
a b 
Fig. A.1. Rectangular and Triangular 
Coordinate Systems 
3 
2 ....::::::::t: ~ 3 
~ . 
d1rect1on of 
x ax1 s 
Fig. A.2. Additional Notation in the 
Trianglar Coordinate System 
b3 
A. 4 
where A .. is the area subtended by the corners i, j and the 
lJ 
origin of the rectangular coordinate system. 
A.2 Interpolation Functions in Triangular Coordinates 
A general interpolation equation is 
F = {cp} T {£} (A. 5) 
where Fis the value of a function at a point P(s 1 ,s 2 ,s 3 ), 
{cp} is the interpolation vector, and {f} is a vector of 
known values of the function F. Hence, knowing several 
values of a function we can describe its variation between 
these known values by an appropriate interpolation vector. 
Some of the linear, quadratic and cubic interpolation 
functions that are used within the next two sections are 
listed below so that their development and interdependence 
can be readily seen. 
a) Linear Interpolation Vector 
and 








The plate bending element possesses a cubic transverse 
displacement shape and therefore the interpolation vector 
of Eq. (A.7) will describe the linear variation of both the 
moments and the curvatures over the element. 
b) Quadratic Interpolation Vector 
For the element nodal system shown in Fig. A.3b, 
= (A. 8) 
and 
rsl (2?;;1-1) 
s 2 (2?;; 2 -1> 
{ ¢2} 
s 3 (2s 3 -1) 
(A. 9) = 
4 s1s2 
4 s 2 r; 3 
4 s3s1 
The plane stress element possesses a cubic in-plane 
displacement shape and therefore the interpolation vector 
of Eq. (A.9) will describe the quadratic variation of both 
the stresses and the strains over the element. 
c) Cubic Interpolation Vector 













Fig. A.4. Nodal Co nf igur at ions for Cubic 
Interpolation Vectors 
A. 8 
s 1 (3s 1-l) (3l; 1-2) 
l; 2 (3 l; 2 -1) ( 3 l; 2,- 2) 
I 
s (31;; -1) (3l; -2) 
3 3 3 
9l;ll;2(3l;l-l) 
9s 1 1;; 2 (3s 2-1) 
{ <p 3} = ½ 91;; 2,1;; 3 (31;; 2-1) 
i 
(A.11) 
9s 2 s 3 (31;; 3-1) 
91;; 3 1;; 1 (31;; 3-1) • 
9 s3s1 (31;:l-l 
541;; 1 r: 2 1;; 3 
A more useful nodal system, containing only a cen-
troidal node and three corner nodes, is shown in Fig. A.4b. 
For this system 
{f }T = <fl fxl fyl f2 fx2 fy2 f3 fx3 fy3 f > ( A .12) 4 C 
where 
fxl 
elf and fyl 
elf = (ax) 1 = ( ely) l' etco 
The interpolation vector for this nodal system can be 
determined by transforming the interpolation vector of 
Eq. (Ao 11) , Leo 
F = {<J>3}T {f3} 
= {<J>3}T [A]{f4} 




The easiest method of determining. the transformation matrix 
[A] is through an intermediate nodal system which is shown 




















etc. For this system 
27 
423 7 -2,Q,3 
2,Q,3 20 -4,Q,3 
27 



















fl 1 fl 
f21 cos Y2 sin Y2 fxl 
f31 cos Y3 sin Y3 fyl 
f2 1 f2 
f32 cos Yj sin Y3 f x2 = 
fl2 cos yl sin yl f y2 
f 3 1 f3 
fl3 cos yl sin, y 1 f x3 
f23 cos Y2 sin Y2 f y3 
f 
1 f C C 
where y1 , y2 and y3 are'the angles, measured anticlockwise 
from the x-axis, to the sides 1, 2, and 3 respectively. 
The transformation matrix is given by 
and the interpolation vector for the nodal system shown in 
Fig. A.4b is 
2 
r;l (r;l + 3r;2 + 3r;3) - 7 z:1s2s3 
2 
r;l (a3r;2 - a2 r; 3) + (a2 - a3}r;lr;2r;3 
2 - b r; ) (b3 - b2)r;1r;2r;3 r;l (b2r;3 + 3 2 
2 
r;2 (r;2 + 3r;3 + 3r;l) - 7 s1s2s3 
2 
r;2 (al s3 - a3 r;l) + (a3 - al) r;l r;2 s3 
{ 4> 4 } = 2 
r;2 (b3r;l - bl s3) + (bl - b3) r;l r;2r;3 
(A.15) 
2 
s3 (r;3 + 3r;l + 3r;2) - 7 s1s2s3 
2 
al r;2) (a - a2) s1s2s3 s3 (a2r;l - + 1 2 - b r; ) (b2 - b1)s1s2s3 s3 (bl r;2 + 21 
27 s1s2s3 
A. lOa 
This is the ,interpolation vector used,to describe the dis-
placement shape'of the. plane-stress element (Section A.3). 
For the plate bending element the nodal system shown 
in Fig. A.4d is the most convenient (this becomes apparent 
in Section A.4), with 
{f } = 
5 
where 
= and -£ = xl 
similarly for fy 2 , -fx2 , fy 3 and -fx3 • 
(A. 16) 
The interpolation vector is again determined most 
easily by transforming the nodal system shown in Fig. A.4c. 




f21 sin Y2 -cos y2 
£31 sin Y3 -cos Y3 
f2 1 
f32 sin Y3 -cos Y3 
= 
fl2 sin yl -cos y l 
f3 1 
fl3 sin yl -cos yl 
f23 sin y2 -cos y2 














al = (7 + 6µ3)/27 a2 = -b 3 ( 2 + µ3)/27 
a3 = -a (2 + 3 µ3)/27 a4 = (7 + 6>,.3)/27 
as = b 3 (2 + >,. 3)/27 a6 = a 3 (2 + A3) /2 7 
a7 = 7/27 as = (bl - b 2 )/27 
a9 = (a1-a2)/27, and alO - 4h3/27 
Transforming the interpolation vector of Eq. (A.11) 
by the transformation matrices in Eqs (A.13) and (A.17) we 
obtain the interpolation vector for the nodal system shown 
in Fig. A.4d, 
2 
s 1 ( s 1 + 3r;2 + 3(3) + 6µ3s1s2s3 
2 
r;l (b2r;3 - b3(1) + (bl - b3µ3) s1s2s3 
., 
s1L.(a2s3 - a3 r; 1) + (a -1 a3µ3)s1s2s3 
2 
i:;2 ( i:;2 + 3r;2 + 3r;l) + 6A3s1s2s3 
2 
i:;2 (b3r;l - bli:;3) + (b3A3 - b2)s1s2s3 
{¢5} = 2 (A. 18) 
s 2 ( a3 i;; 1 - al s3) + (f3A3 - a2 )i;;l s 2 ( 3 
2 
r; 3 (( 3 + 3 i;; 1 + 3 s 2 ) 
2 
s3 (bli:;2 - b2i;;l) 
2 
s3 {a1s2 - a21,;1) 
A.12 
A.3 The Plane-Stress Finite Element 
Corresponding to the nodal system shown in Fig. A.5 
we select the nodal displacement vector 
(A.19) 
and 
(The bar on top of the vectors differentiates them from the 
final displacement vector which contains different terms.) 
At any point, the displacements u and v are defined as 
T -
u = {¢4} {u} 
(A. 20) 
T -
V = {¢4} {v} 
where {¢ 4 } is the interpolation vector given in Eq. (A.15). 
Strain Displacement Relations: The strains at any point can 











clU + clV 
3y 3x 
(A.21) 
where {¢ 4x} and {¢ 4y} are the vectors formed from. the 










2 ux2 Vx2 
Uy2 Vy2 
A.13 
Fig. A.5. Oispl-acement Nodal System for the 
Plane-Stress Finite Element 
3 
6 x2 O'x2 
€-y2 C1y2 
2 lSxy2 'xy2 etc. 
Fig. A.6. Stress and Strain Nodal System 
for the Plane-Stress Finite Element 
A.14 
6;;; 1 (1-;;; 1 )b1-7Ha 
2 ;;:lbl(a3;;;2-a2;;;3) + 2;;;12A + (a2-a3)Ha 
2;;:lbl(b2s3-b3s2) + (b3-b2)Ha 
6;;; 2 (1-;;; 2 )b2-7Ha 
2 s2b2(al;;:3-a3;;;1) 
2 
(a3-al)Ha 3 cp 4 
+ 2;;; 2 A + 
1 
{cp4x} = {-}= 2A 3x 
2 ;;;2b2(b3;;;1-bl;;:3) + (bl-b3)IIa 
6;;; 3 (1-,;; 3 )b3-7Ha 
2 i-;3b3(a2,;;l-ali-;2) + 2r;32A + (al-a2)Ha 
2 i-;3b3 (bl i-;2-b2r;l) + (b2-bl)Ha 
27H (A.22) a 
and 6r; 1 (1-,;; 1 )a1-7Hb 
21;1a1 (a3l;2-a2i'.;3) + (a2-a3)Hb 
2 s1a1 (b2;;;3-b3l;2) + 2i:;12A + (b3-b2)Hb 
6i:;2(1-r;2)a2 - 7Hb 
a cp 4 21;2a2(ali-;3-a3r;l) + (a3-al)Hb 1 
{cp4y} = {--}= 2A + 2z;22A ay 2 i-;2a2 (b3 ,;;l-al i'.; 3) + (bl-b3)Hb 
61;3 (1-i-;3) a3 - 7H b-
21;3a3 (a2z;l-al i'.;2) + (al-a2)Hb 















where the tilde on the ~train vector denotes the vector of 
strains at any point (distinct from the nodal strain 
vector {d). 
The strains (and hence the corresponding stresses) vary 
quadratically over the element, and therefore we can 
describe their variation by the interpolation vector {~2 }, 
as in Eq. (A.9), corresponding to the nodal system shown in 
Fig. A.6. Hence, the strains and the stresses at any point 
in the element are 
{ E} T = { ~2} { E:} 
and (A.24) 
{o} T = {~2} {a} 
where { E:} is the nodal strain vector, 
{ E:} = :x l 
Y:yJ 
(A.25) 
similarly for {s } and {y }. Y xy 
The nodal stress vector is 
{o} 




similarly for {o } and{, }. 
Y xy 
A.16 
(A. 2 6) 
Evaluating Eq. A.21 at the nodal points we obtain 
= = [BJ {r} (A. 2 7) 
where the submatrices [DI and [VI are given overleaf. From 
these submatrices we see that the corne.r nodal strains are 
directly related to the corresponding corner nodal dis-
placements but the midside nodal strains are dependent upon 
all the nodal displacements. Therefore the strains will 
not be compatible along the interelement boundaries .. 
Constitutive Law: The constitutive law is· 
{0} = [C]{s} (A. 2 8) 
and for isotropic materials, 
·1- ., -BA··· " ,,. ,,, ., .. ,. ., " 
i 
~ " 
., " 8A ., " " " " I 
I .. 
I 
.. .. " .. " ., 8A ,,. ~ 
[D 1 - ...:Li 6b -7b (b1=z:}3)a3 (2b.,=b1)o3 6b2-7b3 (203=b2)a.3 (b2=2b3)b3 =7b3 (a1=a2)b3 (b -b )b 27b3 J-SA.: 1'3 2 1 3 I 
I -7b~ ( a2-a3)b 1 (b3-b2)b1 6b2=7b1 (b2-2b1)a1 (2b1-b2)b1 6b3-7b1 (2b =h )a (h -2b 1r 21 'b • 1 "'3 1 ~3 11 ~ 1 ' 1 i 
i ...... (2b2=b1)a2 (b1=2b2)b2 -7b (a~-a1)b_ (b1=b3)b2 6b3=7b2 (b3-2b)a2 (2b2-o3)b2 27b2 i iOD1-7b2 L 2 :;, L 
~ <:' 8A ~ $ .. • .. ., -, .. I 
0 .. .. "' "' 8A .., " .. "' 
"' :,, "' .. "' .. c• ..,, 8A "' 
[v J = ~ 6af-7a3 (a1=2a3)a.3 (2a3-a1)'t3 6a2'-7a3 (2a3-a2)a3 (a2.;;.2a3)b3 -7a3 (a1=a2)a3 (b2-b1)~ 27a3 1 
( a2-a.3) a.1 -~ b ' 6a2=7a1 (a2=2a1)a"1 (2a1-a2)b1 6a3-7a1 =7a1 ( 03- 2Ja1 {2a1-a3)a1 (a3-2a1)b1 27a,! 






1 'J E: 
X 
= E 'J 1 --2 E: y 1-v 1-v 
xy -2- Yxy 
Strain Energy Integration: For an element of thickness h 
the strain energy integral is 
U = kh f oT ~ 2 A E d A. (A.29) 
and, substituting Eqs (A.24) and (A.28) into Eq. (A.29), we 
get 
u = T ½{E} [QJ[D]{E} (A. 30) 
where [ Q] = h A/ { <1> 2 }{ <1> 2 } TdA, and [ D] is a matrix com-
prising the terms of the constitutive law corresponding to 
the order of the strains as given in Eq~ (A.25). 
Hence, incorporating Eq. (A.27) 
(A. 31) 
where 
[k] = [B]T[Q] [D] [BJ 
and the stiffness matrix [f] corresponds to th~ order of 
{r} as given in Eq. (A.19). 
A more meaningful stiffness matrix can. be obtained 




r2 {;~} = = r3 
ro 
and sxl = uxl' syl = vyl the direct strains, 
8 xyl the shear strain, and 
A.19 
(A. 32) 
w1 = wxyl = ½(vxl - tiyl) the average rotation of an 
element fibre about the z axis. Similarly for {r2 } and {r3 }. 
After appropriately rearranging the rows and columns 
of[[] we obtain, 
u = T ½{r*} [k*]{r*}. (A.33) 
(20x20) 
The stiffness matrix [k*] can be reduced by condensing out 
the centroidal displacements, 
= 
hence 




is the final (18x18) plane stress stiffness matrix. 
A.4 The Plate Bending Finite Element 
The pla±e bending element has a cubic displacement 
function and two quadratically varying rotations; thus, to 
maintain interelement compatability along a side, the 
displacement and rotations must be defined uniquely by the 
degree of freedom at the nodes on the side being considered. 
This condition means that, to define the transverse 
rotation we must include an additional node possessing one 
rotational degree of freedom. The interpolation formula of 
Eq. (A.18) corresponding to the nodal system shown in 
Fig. A.4d contains only one midside node; therefore, 
referring to Fig. A.7, the triangular element 1-2-J is 
divided into three subtriangles 1-2-0, 2-3-0 and 3-1-0 where 
each subtriangle has the nodal system shown in Fig. A.4d. 
We apply the cubic interpolation formula of Eq. (A.18) over 
each subtriangle which is renumbered according to Fig. A.2d 
so that the interior node is always node 3. Each sub-
triangle has its own properties associated with a super-
script corresponding to the subelement number which is 
determined from the opposite nodal number. Fig. A.8 shows 
some of the properties of subelement 1 which has been taken 
from the triangle 1-2-3 shown in Fig. A.7. 
3 
subelement 2 
Fi g. A. 7. Plat e 8 e n d i n g Fi n i t e El e me n t 
2 





b (1> J.--2 -:--, 
' (1) ,--/ 1 
I ~ , _ - ' a~1> 
' --... --
Fig. A.8. Notation for Subelement 1 
A.21 
A. 22 
Interpolation Formula: We may write the interpolation 
formula {%} as a function of the fifteen degrees of 
freedom by inserting zeros in the appropriate positions, 
for example, in sub element 1, 





















and the direction n is always normal to the edge and towards 
the interior of the triangle, 
= 
and 
{ </> } = 
p 
A.23 
z:;il) 2 (3-2z:;il)) + 6µil) sil) si2) sil) 
z:; (1) 2 (b (1) s (1) -b (1) s (1)) +(b (l)_b (1) µ (1)) s (1) z:; (1) s (1) 
1 2 3 3 2 1 3 3 1 2 3 
sil) 2 (ail) s11) _ail) sil)) +(ail) _a~l) µ~1) )z;;il) sil) s11) 
r; (1) 2 (3-2r; (1)) +6>. (1) z:; (1) r; (1) s (1) 
2 2 3 1 2 3 
(1) (1) (1) 
z:;(1)2(b(l)z:;.(l)_b(l)r;(l))+(b(l)"(l)_b(1))1::. z:;2 z:;3 
2 3 1 1 3 3 3 2 l 
,.(1)2( (1),.(1)_ (1),.(1))+( (1)\(1)_ (1)\,-(1),.(1),.(1) 





4h (1) s (1) r; (1) r; (1) 
3 1 2 3 
0 
z:; (1) 2 (3-2r; (1)) 
3 3 
z:; (1) 2 (b (1) s (1) 
3 1 2 
,.(1)2( (1),.(1) 




- a2 "l 
The first twelve rows of {<f>p} correspond to {<f>e}, the 
remaining three rows to { <j> } • If five zero terms are 
0 
omitted from{¢ } we are left with the interpolation 
p 
formula { ¢5 } cf Eq. (A.18). 
Internal Compatability Requirements: We require cornpat-
ability of the displacement and the rotations along the 
interior boundaries of the subelernents so we match the 
A.24 
rotations normal to these boundaries at the internal mid-
points 7, 8 and 9 (refer Fig. Ao 7) • i.e. 
8 (2) aw ( 2 ) 
. ( 3) 
-0 ( 3) aw = a ( 2) = a ( 3) = 7 7 
nl n2 
8 ( 3) aw ( 3 ) aw (l) - 8 ( 1) (A.36) = = = 8 a ( 3) a ( 1) 8 
nl n2 
8 (1) aw ( 1 ) aw (
2 ) 
- 8 ( 2) = a ( 1) = - an ( 2 ) = 9 9 
nl 
where the directions of n 1 and n 2 for i = 1,2,3 are shown 
in Fig. (Ao 9) a 
From Eqs (A.36), setting e~ 2 ) + ei3 ) = O, etc., we 
obtain a set of equations which can be expressed as, 
[Qo] {ro} + [Q] {r} = { 0} 
( 3x3) ( 3xl) ( 3xl2) (12xl) 
or, = [G] {r} 
where [G] = -[Q0- 1 J [Q] 0 
( 3xl2) (3x3) (3xl2) 
Eqe (Ao37) gives a constraining equation with which we 
can relate the centroidal displacements to the boundary 
displacements. Hence, Eq. (Ao35) can be rewritten as 
( 1) 
w = ({cp (1) T + {cp (1)} [G] ) 
e 0 
{r} (±.38) 
( lxl2) (lx3) (3xl2) (12xl) 

A.26 
Curvature-Displacement Relations: From the three 





giving a total of twenty-seven curvatures. These are 
reduced to 21 distinct values as the internal compatability 
requirements impose equivalent curvatures at the centroid. 
Hence the curvature vector is 
XXX 
{ X} = xyy (A. 40) 
..... xxy 
( 2lx21) 
T (3) (3) (1) (1) (2) (2) 
where {xxx} = <xxxl Xxx2 Xxx2 xxx3 Xxx3 Xxxl xxxo> 
and similarly for {x } and {x }. yy xy 
By differentiating Eq. (A.35) we can relate the nodal 
curvatures to the nodal displacements, i.e. for subelement k, 
{ (k) } 
XXX = 
= ({¢ (k) }T + { ¢ (k) }T[G]) {r} exx oxx 
and similarly for {x(k)} and {x(k) }. 
YY xy 
(A. 41) 
A. 2 7 
Hence we can write 
{ X} = [ BJ { r} = [ne n 0 ] {:J (A.42) 
i.e. { X} = [B]{r} (A. 43) 
where [BJ = [B ] + [B 0 J[GJ. e 
As the curvature variation is linear over each sub-
triangle we can define the curvature at any point within 
£ubtriangle k as, 
~ (k) <j> (k) T 
XXX 1 
{x (k)} = ~ ( k) = q>(k)T {x(k)} xYY 1 ( 9xl) 
(3xl) ~ (k) <I> (k) T 
: Xxy 1 
(A. 4 4) 
(3x9) 




{ X ( 1) } = ( 1) , etc. , xx Xxx3 
( 1) 
XxxO 
and {<1> 1 } is the linear interpolation formula of Eq. (A.7). 
Thus Eq. (A.44) yields 
{ ~ ( 1) l 
XXX = 
{1:;(1)1:;(1)1:;(1)} 






The Cons:itutive Law: The constitutive law is 
{M} = [C]{x} 






12(1-v ) [: : : ] { :xx 
• •(l-v)/2 2x:: 
The Strain Energy Integration: The strain energy of 
subelement k is 
f M~T ~ dA (k) U = ½ (k) X 
A 
where the tilde again denotes the value at any point. 
Substituting Eqs (A.44) and (A.55), 





where [DJ is formed from the·appropriate portions of the 
constitutive law corresponding to the order of {x(k) }; and 
the curvature stiffness matrix 
Substituting Eq. (A.43) we obtain 
U = ½{r}T[k]{r} 
where the stiffness matrix 
[k] = [B]T [NJ [BJ. 
I 
A. 29 
Eliminating the Midside Nodal Points: The presence of mid-
side nodal points is not desirable because they introduce 
a second type of node containing one rotational degree of 
freedom and these are not consistent with the corner nodes 
which contain three degrees of freedom. 
We can eliminate the midside nodes by constraining 
the transverse rotation to a linear variation, e.g. for node 
4 we set 
= 
= 
where 03 is the angle between then axis and side 3 which 
includes the nodes 1, 2 and 4o A similar procedure will 
eliminate the midside nodes 5 and 6. 
APPENDIX B 
Theoretical Load-Moment-Curvature Relationships 
For a Reinforced Concrete Beam Section 
After assuming material properties for both the 
reinforcement and t~e concrete, theoretical load-moment-
curvature relationships are determined for a reinforced 
concrete beam section which is in a region of constant 
moment. Three cases are studied: 
a) before cracking and at any section, 
b) after cracking and at a cracked section, also, 
c) after cracking and in between cracked section~o 
In each example equilibrium of horizontal forces and 
equilibrium of moments provide two equations which are 
I 
solved most easily by a trial and error solution. 
B.l Material Properties 
For the steel reinforcement a bi-linear stress-strain 
curv~ was adopted (Fig. B.l) such that 
for -E ~ E ~ E 0 E slE y y 
for - E ..$ E ~ - E a = -o + E 2(E+E ) (Bo 1) SU y y s y 
and for E ~ E ~ E a = 0 + E 2 (E-E ) y SU y s y 
where E is the yield strain of the reinforcement corres-y 







Fi g. B. 1. Theo re ti cal S tr es s - St r a i n C u r v e 




, 8 5 f ~ 
compression 
tension strain Eu 
Fig. 8.2. Theoretical Stress-Strain Curve 
for the Concrete 
A. 32 
of the reinforcement corresponding to the ultimate stress 
o , and E 1 and E 2 are the slopes of the bi-linear stress-su s s 
strain relationship. Of these six parameters four are 
independent and have to be determined either from tables or 
by an experimental testo Most specimens possess a distinct 
yield strain and therefore the yield stress will be well 
definedo However, although the ultimate stress can be 
determined, the ultimate strain is often not defined very 
accurately. When in doubt, or if it is not stated, an 
ultimate steel strain of .01 was assumedo 
The concrete stress-strain curve in compression (Figo 
· 48 
B.2) has a similar shape to that proposed by Hognestad • 
The first portion is parabolic until, at a strain s 0 , the 
maximum concrete stress is reached, and from this point on 
the curve falls linearly until, at the ultimate concrete 
strain Eu' the concrete stress is .85 times the maximum 
concrete stresso For the maximum concrete stress Hognestad 
took the value of 085 times the crushing stress of concreteo 
However, because his investigation was restricted to the 
eccentric loading of short columns, this value was considered 
to be too conse.rvati ve for flexural members and the maximum 
concrete stress was assumed to equal the crushing-stress, f' 
C 
(which corcurs with the maximum stress for flexural members 
spe~ified in Whitney's stress block). Hence, the stress-
strain equations for concrete in compression are: 
for = 
£ u = fc' [l - o15(s-s 0 )/(su-sO)] 
(Bo 2) 
wheres is the ultimate strain of the concrete (normally u 
taken as 00035 or "004). 
In tension the stress-strain curve is assumed to be 
linear, for -st~ s ~ 0 f = E E 
C C 
(Bo 3) 
where Ec is YoungHs Modulus for concrete, and Et is the 
tensile strain at which the concrete will crack in flexureo 
Bo2 Reinforced Concrete Section before Cracking 
Consider the reinforced concrete section, shown in 
Figo Bo3, which is subjected to an axial load Nanda 
bending moment Mo Horizontal equilibrium on a unit width 
implies that, 
CC+ CS+ TS+ TC - N = 0 
where 
CC is the top concrete force (compressive forces and 









f 1 (e 1 2) -· p ~ ~ C 
= £ /E I 
C 0 
is the top steel force and 
p-d 
E t -· sl - E a st' p C 








strain profile stress profile 







strain profile stress profile 
Fig. 8.4. Reinforced Concrete Section .... 
at a Crack 
TC is the bottom concrete force, and 
TC = - ½ E 
C 
(t-p)2 
E • p C 
Taking moments about the neutral axis, 
CC(t/2 - p + x) + CS(t/2 - dt) + TS(t/2 - db) - TC(t/6 + p/3) 
= M (B. 5) 
where the lever arm of the concrete compressive force cc, is 
2 - ~2) (r 4 
with E / E • X = p e = 1 2 C 0 e - :r 
Hence we can solve for the unknowns E and p using Eqs (B.4) 
C 
and (Bo 5) o 
B.3 Reinforced Concrete Section at a Crack 
Firstly consider the case of the top concrete stress 
being parabolic onlyo For the section shown in Figo B.4. 
horizontal equilibrium for a unit width implies that, 
cc + cs + TS _, N = 0 
where 
f (e 1 2 and cc = p - 3e ) e = E /c. 
C C 0 1 
p-d 
if {: then cs E t <-ts E = sl E a y p C st 
where Ets is the strain of the top steel, and if 
then CS 
p-d 
= [0 + E (--·-t E 
y S2 p C -E)]at' y s 
(B. 6) 
if '). -c theh TS y 
A.36 
p-d 
E __ b_ 
sl p E c asb 
where £bs is the strain of the bottom steel, and if 
p-d 
£bs < -cy t.hen TS = [-cry + Es 2 ( T: e: c + e:y) ]asb. 
Taking moments about the neutral axis we obtain 
CC(t/2 - p + x) + CS{t/2 - dt) + TS(t/2 - db) = M 
where 
X = 
( 2 _ 1:.,..,2) 
p r. ~ 
1 2 
e - r 
with e := e: / e: • 
C 0 
(Bo 7) 
The unknowns e: and p can be found'from Eqs (B06) and (B.7) 
C 
The second case is when the top concrete stress block 
is parabolic and linearo For the section shown in Fig. B.5, 
horizontal equilibrium for a unit width implies that, 
where 
Cl+ C2 +CS+ TS - N = 0 
Cl = 
£ 
2 f I 0 
3P c £ 
C 
(B. 8) 
C2 = p f V ( 1 - £ / £ ) [ 1 - 0 0 0 7 5 ( £ - £ ) / ( £ - E ) ] 
C O C C O U 0 
and the values of CS and TS are identical to those in 
Eqo (Bo6). Taking moments about the neutral axis, 
Cl(t/2 - p + x1 ) + C2(t/2 - p + x 2 ) + CS(t/2 - dt) 
+ TS(t/2 - db) = M. (B. 9) 
Ee 
as t dt 
db t N• 
asb 
strain profile stress 
Fig. 8.5. Reinforced Concrete Section -
at a Crack 
Ee 
















strain profile stress profile 
Fig. 8 .6. Reinforced Concrete Section -
Distance lb from a Crack 
where 
5 £ 0 
xl = 8 P, £ 
C 
and 
£ E .5 + .052 0 + p(l _£) x2 = p -£ E 1. + .075E C C 
with 
E - E - C 0 £ = 
E - E u 0 
The unknowns s and p can be determined from Eqs (B.8) and 
C 
B.4 Reinforced Concrete Section Between Two Cracked Sections 
Consider a reinforced concrete beam, within a constant 
moment region, that has just cracked. As we move away from 
the cracked section, the concrete tensile force increases 
until, at a distance lb (called the bond length) from the 
crack, the concrete tensile force is capable of forming a 
new crack. Figo Bo6 shows a section distance lb from a 
crack. Horizontal equilibrium gives, 
CC+ CS TS+ TC - N = 0 (B.10) 
where the values of cc, CS and TS are given in Section B.3, 
and 
Taking moments about the neutral axis, 
C(t/2 - p + x) + CS(t/2 - dt) + TS(t/2 - db) 
TC(t/6 + p/3) = M (B. 11) 
and from Eqs (B.10) and (B.11) the unknowns sc and p can be 
determined. 
In between the section at a crack and the section 
distance .Q,b from a crack the steel tensile force is reduced 
from its value at the cracked section and this force loss 
is transferred to the concreteo If the steel tensile stress 
at a cracked section is f and the stress at a section sa 
distance ,Q,b from the cracked section is f 8 b then the total 
reduction in steel force= (fsa - fsb)asb and this equals 
the average bond stress times the surface area of the 
reinforcement times .Q,bo In between these sections the 
reduction in the steel force, for the bond stress distrib-
utions assumed in Section 4o2, is listed in Table Bolo 
Bond Stress Reduction Steel Force Distribution in 
Triangular 2 ( f - fsb) asb (X - ½X2) sa 
Rectangular (fsa - fsb) asb X 
Sinusoidal ( f - fsb) asb (1 - cos 1T X)/2 sa 
where X = x/2b and x = the distance from the cracked section. 
Table Bo 1 Reduction in Steel Force Between Cracked Seb~.1:-e.J'ns 
A. 40 
For applied moments that are greater than the momeht 
which just causes cracking the reduction in the tensile 
steel force for sections in between two cracked sections 
will be the value given in Table B.l. The unknowns are now 
p and TC and they can be determined from Eqs (B.10) and 
(B.11). 
APPENDIX C 
Formation of the Connective Matri~ 
This appendix describes how the connective·matrix, of 
Eq. (5.3), is constructed. Basically, the deflection of a 
point p, which separates the two elastic regions of a bi-
elastic beam (Fig. C.1), is related to all the possible 
deflection modes of the beam and, with this information, 
the connective matrix can be formed. All the examples 
cited below can be solved using the moment-area method. 
Because this method is straightforward in its application 
and because, in these examples, it involves some lengthy 
algebraic manipulations, only the initial conditions and 
the final result have been recorded._ 
For the flexural behaviour of the beam there are four 
cases to consider, namely a displacement and a rotation at 
nodes i and j. A coordinate system s-n-z is taken at node 






Consider first a displacement at node i; the deflection 
curve and the moment diagram are shown in Fig. C.2. The 
rotation of the tangent at node i with respect to the 
tangent at node j is zero, hence, 
EI/ ot. EI/ p 
~ ... ~ 
p \ g I 
le 
L 
Fig. C.1. Bi-Elastic Beam 
M· I 
a 
l - a _c_M· 




tvlj - -a- I 
Fig. C.2. Deflection Curve and Moment 
Diagram for a Displacement at Node i 
A.42 
(a-S)t 2 + SL2 
C 
a = ½ (a-~)t + BL 
C 
A. 43 
( C. 2) 
Also, the displacement of node i with respect to the· tangent 
at node j is wi, so that we obtain 























(\a) J w. 
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[ 3 J { ( ,Q, -a) } : - qa a(31c-a) - . ca w • 0 J. 




curve and moment diagram (shown in Figo Ca3) are similar to 
that of Fig. Co2, and ther~fore the.rotation and displace-
ment at node p can be taken from Eqs (Co4), i.eo 
2 
enp = -3qa [ a - ( ,Q,c :a) j wj 
and 
( C. 5) 
w = 
p 
where q is given in Eqo (C. 3) o 
Fig. Co4 shows the deflection curve and moment diagram 
for the next case which is a rotation at node i. The 
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Fig. C. 3. Deflection Curve and Moment 






Fig. C.4. Deflection Curve and Moment 
Diagram for a Rotation at Node i 
j, is zero, from which 
a = 
(a-S),Q, 3 + SL3 
2 - C 
3 (a-8),Q, 2 + BL2 • 
C 
Ao 45 
( C. 6) 
Also, the rotation of node i, .with respect to the tangent 












2 [ aa - ( a-B) 
2 
_ B (L-a) ] 
a , 
( C" 7) 
and therefore the rotation and displacement at node p is 
and, 
e np 











[t + 2L - 3a]e .• 
C . Ill 
The fourth case is a rotation at node j; the deflec-
tion curve and moment diagram for this is shown in Fig" Co5o 
The displacement of node j, with respect to the tangent 
at node i, is zero, therefore 
a = 
( B-a) ( L- ,Q, ) 3 + aL 3 
2 C 
L ~ 3 --------,2-----2 . 
( B-a) (L- 9, ) + aL-
• C 
( C. 9) 
Also, the rotation of node j, with respect to the tangent at 
node iris enj' so that 
M. = 4qe . 
l DJ 
(C.10) 




Fig. C.5. Deflection Curve and Moment 















and therefore the rotation and displacement at node pis 
2 
e = -2qa [aa- (tc-a) ]e ,o (C.11) 
and 
np a nJ 
w p = 
3 
[ 1 2 (tc-a) J qa 2 a ( Q, - -a) - - ---- e .• 
_ C 3 3 a DJ 
Considering the torsional behaviour of the beam, for 
a fully elastic beam, we have 
TL = GJ ( C. 12) 
where Tis the torque applied to the beam, $ is the:total 
angle of twist over the distance L, and GJ is the.shear 
rigidity. If we assume that the shear rigidity varies as 
the flexural rigidity varies then, for node p, 
8 = Sp 
S(L-tc) ate 
(a-S) Q, + SL 8si + (a-S) Q, + SL 
C C 
e . " SJ (C.13) 
The deflection of the point p can now be related to the 
deflections of the corner nodes i and j by incorporating 
Eqs (C.4), (C.5), (C.8), and (C.11). Having obtained this 
relationship in the coordinate system s-n-z we can transform 
it to a common coordinate system x-,-y-z (Fig-. C. 6) by using 
the transformation, 
= 
1 0 0 
0 cos a sin a 








Subdivision of Plate Bending Element 
and Numerical Integration 
Ao49 
This appendix contains details of how the plate 
bending element described in Appendix A was divided into 
elastic and inelast:iic regions, and also how the numerical 
integration was performed over. partial areas" 
The plate bending element is shown divided into three 
subelements in Fig. A.5. When the element is divided into 
two regions, for example, by a line 5-6, the subelements 
can be divided into subtriangles where the additional side· 
node is assumed to be at the midside and the nodes on the 
internal lines, if not intersected by the line 5-6, are also 
assumed to be at the midsides. Fig. D.l shows the two 
possible configurations of such a divided elemento 
We wish to integrate Eqo (5.8), which is 
[ Ni ] = [Di ] A. f [ tjJ ][ tjJ ] T dAi ' . 
l 
over a partial area and this is most easily done by a 
numerical procedure. 
(D. l) 
Consider subelement 3 (Fig. D.1), comprising the four 
subtriangles 1-4-7, 4-2-8, and 4-8-7. The first three sub-
triangles have two sides common with the subelement and 
therefore the area can be subdivided by lines formed by the 
equations 

s ~ p) 
l 





sides 9., ~p) and 
l 
(D. 2) 
number, i and .. j are the values of 
9.,~P), i.eo they have the value 1, 
J 
2 or 3, and c 1 and c 2 are constantso 
As an example, consider subtriangle 1-4-7 of Figo Dola. 
The two common sides of the subtriangle ,and the·· subelemen:t 
are 9., ( 3 ) and 9., ( 3 ) 
2 3 
(ioe. 1-10 and 1-2 respectively), and, 
assuming that the ·point 7 is the quarterpoint, Fig. D.2 
shows the subtri~ngle divided by the two sets of lines which 
divide the lines 1-4 and 1-7 into three equal portions, Leo 
by 
2 5 and 1, = 3' 6 
1 3 and 1, = 2' 4 
also, a third.set of lines ·is shown which divide the sub-
triangle into smaller tri~ngleso 
Ass~ming that the constitutive matrix within subtriangle 
1-4-7 is constant, we.can determine the contribution to the 
curvature stiffness matrix N. by replacing the integral of 
l 
Eqo (bol) by a summation, Le. 
[ L\N. ] 
l 
= [ D. ] l (D. 2) 
where n is the number of equal triangles that the subtriangle 
is divided into, and the function [~] is calculated at the 
10 
T ( 3) _ 5 
"2 - 6 
A. 52 
2 
Fig. 0.2. Subdivision of Subtriangle 1-4-7 
A. 53 
centroid of the·triangle and thence summed over the sub-
triangle., 
This process can be used for the three corner triangles, 
1-4-7, 4-2-8 and 7-8-10 using any number of divisions within 
each area. 
The interior subtriangle ·4-7-8 does not have any 
sides common with the subelement and another method is used 
to determine this integration" The integration over the 
complete subelement is known8 and therefore the integration 
of the interior subtriangle is determined by subtracting 
from the complete subelem~nt integration the sum of the 
three corner triangle integrations. (which are summed 
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